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Optimizing under Uncertainty via Chance Constraints

A chance constraint is a constraint of the form:
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Safety probability level

Uncertainty

Optimizing under Uncertainty via Chance Constraints

A chance constraint is a constraint of the form:
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Decision variable x 2 Rd
<latexit sha1_base64="NQgEv5VqE73LmIvo+sc0OG+iUR0="></latexit>

Coupling function g : Rd ⇥ Rm ! Rk
<latexit sha1_base64="rMRqqALvcf891bHjelxPYKWbDZw="></latexit>



A chance constraint is a constraint of the form:

Optimizing under Uncertainty via Chance Constraints

Applications in various contexts Chance constrained problems are difficult:

non-convex

non-smooth

Chemistry

Telecommunications

Energy management
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Safety probability level

UncertaintyDecision variable x 2 Rd
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Non-convexity of Chance Constraints

A classical result

Take 

Take 

[Kataoka 1963]
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Proof is elementary
z ⇠ N (0, 1)

<latexit sha1_base64="xf1XJ6rRfO7i+2kYdSL3jDwdmrk=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARKkhI+iB1V3TjSirYWmhCmUwn7dDJg5mJUEPd+CtuXCji1r9w5984aSuo6IELh3Pu5d57vJhRIU3zQ8stLC4tr+RXC2vrG5tb+vZOW0QJx6SFIxbxjocEYTQkLUklI52YExR4jFx7o7PMv74hXNAovJLjmLgBGoTUpxhJJfX0vVvoCBpAJ0ByiBFLLyYl8xhaRz29aBoVu1a2azAjJ3XbUqRqWlbFhpZhTlEEczR7+rvTj3ASkFBihoToWmYs3RRxSTEjk4KTCBIjPEID0lU0RAERbjr9YAIPldKHfsRVhRJO1e8TKQqEGAee6swOFb+9TPzL6ybSr7spDeNEkhDPFvkJgzKCWRywTznBko0VQZhTdSvEQ8QRliq0ggrh61P4P2mXDatilC+rxcbpPI482AcHoAQsYIMGOAdN0AIY3IEH8ASetXvtUXvRXmetOW0+swt+QHv7BLo0lcg=</latexit>

P[x>⇠  0] � p , �

✓
�x>µp
x>⌃x

◆
� p , x>µ+

p
x>⌃x ��1(p)  0

<latexit sha1_base64="nNtWX0ASOhoRJFWHzDgkQPAOP9E="></latexit>

P[x>⇠  0] = P[x>µ+
p
x>⌃x z  0] = �

✓
�x>µp
x>⌃x

◆

<latexit sha1_base64="zhratzy4h4/trnsZtZahTX1IBHs="></latexit>



Non-convexity of Chance Constraints

A classical result

Take 

Take 

Studying under which conditions chance constraints are convex

Van Ackooij ‘15 Van Ackooij, Malick ‘19

[Kataoka 1963]

Henrion, Strugarek 06’

Proof is elementary
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z ⇠ N (0, 1)
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Non-smoothness of Chance Constraints

Consider the discrete case :  

Not even continuous !
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Non-smoothness of Chance Constraints

Consider the discrete case :  

Not even continuous !

Recent works study the generalized differentiability properties of chance constraints

Heitsch, ‘19Van Ackooij, Henrion, ‘17 Geletu, Hoffmann, ‘19
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Eventual Convexity in  
Chance Constrained ProgrammingI

PLANNING

A Convex Bilevel Approach to  
Solve Chance Constrained ProblemsII

-

-
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Eventual Convexity in  
Chance Constrained ProgrammingI -

Leveraging Structure 
in a Class of Chance 
constraints2 Application 

examples3From Concavity to 
Transconcavity1
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Concavity, Quasi-concavity & Transconcavity

Searching for (Quasi-)concavity
The probabilistic function: 

' : x 7! '(x) =
<latexit sha1_base64="Cawm1pdPP0c3vTv0gNGt49x51F8=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpsxUQRGEohuXFewDOkPJpJk2NMkMSaa0DN258VfcuFDErb/gzr8xbWehrQcCh3Pu5eacIGZUacf5tpaWV1bX1nMb+c2t7Z1de2+/rqJEYlLDEYtkM0CKMCpITVPNSDOWBPGAkUbQv534jQGRikbiQY9i4nPUFTSkGGkjte0jb4Bk3KNXQ+hxFCsdwUwpDk/hddsuOCVnCrhI3IwUQIZq2/7yOhFOOBEaM6RUy3Vi7adIaooZGee9RJEY4T7qkpahAnGi/HSaYwxPjNKBYSTNExpO1d8bKeJKjXhgJjnSPTXvTcT/vFaiw0s/pSJONBF4dihMGDRpJ6XADpUEazYyBGFJzV8h7iGJsDbV5U0J7nzkRVIvl9yzUvn+vFC5yerIgUNwDIrABRegAu5AFdQABo/gGbyCN+vJerHerY/Z6JKV7RyAP7A+fwDtBZiv</latexit>
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Concavity, Quasi-concavity & Transconcavity

Searching for (Quasi-)concavity
The probabilistic function: 

 is said to be quasi-concave if:φ

' : x 7! '(x) =
<latexit sha1_base64="Cawm1pdPP0c3vTv0gNGt49x51F8=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpsxUQRGEohuXFewDOkPJpJk2NMkMSaa0DN258VfcuFDErb/gzr8xbWehrQcCh3Pu5eacIGZUacf5tpaWV1bX1nMb+c2t7Z1de2+/rqJEYlLDEYtkM0CKMCpITVPNSDOWBPGAkUbQv534jQGRikbiQY9i4nPUFTSkGGkjte0jb4Bk3KNXQ+hxFCsdwUwpDk/hddsuOCVnCrhI3IwUQIZq2/7yOhFOOBEaM6RUy3Vi7adIaooZGee9RJEY4T7qkpahAnGi/HSaYwxPjNKBYSTNExpO1d8bKeJKjXhgJjnSPTXvTcT/vFaiw0s/pSJONBF4dihMGDRpJ6XADpUEazYyBGFJzV8h7iGJsDbV5U0J7nzkRVIvl9yzUvn+vFC5yerIgUNwDIrABRegAu5AFdQABo/gGbyCN+vJerHerY/Z6JKV7RyAP7A+fwDtBZiv</latexit>

15

8x, y 2 C,� 2 [0, 1]
<latexit sha1_base64="3EEYCV6RVc8ZFU/yM3T8PlZRdDM=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEUFVJQYKxogtjkehDSqLKcdzWquNEtoOIon4BC7/CwgBCrMxs/A1umgFajmTp+Jx77XuPHzMqlWV9G6W19Y3NrfJ2ZWd3b//APDzqySgRmHRxxCIx8JEkjHLSVVQxMogFQaHPSN+ftud+/54ISSN+p9KYeCEaczqiGCktDc2aO4oEYgw+1GEKXcphuw5dph8IUH51rLrtDc2q1bBywFViF6QKCnSG5pcbRDgJCVeYISkd24qVlyGhKGZkVnETSWKEp2hMHE05Con0snydGaxpJYB6Ln24grn6uyNDoZRp6OvKEKmJXPbm4n+ek6jRlZdRHieKcLz4aJQwqCI4zwYGVBCsWKoJwoLqWSGeIIGw0glWdAj28sqrpNds2OeN5u1FtXVdxFEGJ+AUnAEbXIIWuAEd0AUYPIJn8ArejCfjxXg3PhalJaPoOQZ/YHz+AHX/mdE=</latexit>



Concavity, Quasi-concavity & Transconcavity

Searching for (Quasi-)concavity
The probabilistic function: 

 is said to be quasi-concave if:φ

Transconcavity

' : x 7! '(x) =
<latexit sha1_base64="Cawm1pdPP0c3vTv0gNGt49x51F8=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpsxUQRGEohuXFewDOkPJpJk2NMkMSaa0DN258VfcuFDErb/gzr8xbWehrQcCh3Pu5eacIGZUacf5tpaWV1bX1nMb+c2t7Z1de2+/rqJEYlLDEYtkM0CKMCpITVPNSDOWBPGAkUbQv534jQGRikbiQY9i4nPUFTSkGGkjte0jb4Bk3KNXQ+hxFCsdwUwpDk/hddsuOCVnCrhI3IwUQIZq2/7yOhFOOBEaM6RUy3Vi7adIaooZGee9RJEY4T7qkpahAnGi/HSaYwxPjNKBYSTNExpO1d8bKeJKjXhgJjnSPTXvTcT/vFaiw0s/pSJONBF4dihMGDRpJ6XADpUEazYyBGFJzV8h7iGJsDbV5U0J7nzkRVIvl9yzUvn+vFC5yerIgUNwDIrABRegAu5AFdQABo/gGbyCN+vJerHerY/Z6JKV7RyAP7A+fwDtBZiv</latexit>

, 8x, y 2 X,� 2 [0, 1]
<latexit sha1_base64="6aYpdmUDevbSDgq3vkesuGHEjXg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUYoiopSDBWsDAWiT6kJKocx2mtOk5kO4go6hew8CssDCDEyszG3+C2GaDlSJaOz71H994TpIxKZdvfxsrq2vrGZmWrur2zu7dvHhx2ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeMr6f13j0Rkib8TuUp8WM05DSiGCktDcy65UWJQIzBByv3KId9C3pM+0MEp1/XtqDjD8ya3bBngMvEKUkNlGgPzC8vTHAWE64wQ1K6jp0qv0BCUczIpOplkqQIj9GQuJpyFBPpF7NzJrCulRDqtfTjCs7U344CxVLmcaA7Y6RGcrE2Ff+ruZmKLv2C8jRThOP5oChjUCVwmg0MqSBYsVwThAXVu0I8QgJhpROs6hCcxZOXSbfZcM4azdvzWuuqjKMCjsEJOAUOuAAtcAPaoAMweATP4BW8GU/Gi/FufMxbV4zScwT+wPj8Aa0AmfI=</latexit>

Definition Let    be a convex subset of    . We say that 
a function               is    -concave if there exists a strictly 
monotonic function                  such that  

f(�x+ (1� �)y) � G�1 (� G � f(x) + (1� �) G � f(y))
<latexit sha1_base64="PTvtz0F7Uz4K4n8mg/DhUeVnhE8="></latexit>

C
<latexit sha1_base64="re76Zkt0iSC9uIARbCEdpPGTKdg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrUrZuypXGtel6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJczjMs=</latexit>

Rd
<latexit sha1_base64="hLyX6ToQCW6EMeM4K4bU8KLUH+s=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiS1oMuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0m3UXcu6o27Zq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx83R5HM</latexit>

f : C ! R
<latexit sha1_base64="zCR3LFzBwNvfqyoU0gzmSRkE5WY=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRVUFwVu3FZxT6gCWUynbRDJzNhZqKU0IUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufeeIGZUacf5tgorq2vrG8XN0tb2zu6evX/QViKRmLSwYEJ2A6QIo5y0NNWMdGNJUBQw0gnGjczv3BOpqOB3ehITP0JDTkOKkTZS3y6Hl7ABPUmHI42kFA/Qi5AeBUF6O+3bFafqzACXiZuTCsjR7Ntf3kDgJCJcY4aU6rlOrP0USU0xI9OSlygSIzxGQ9IzlKOIKD+dPTGFx0YZwFBIU1zDmfp7IkWRUpMoMJ3ZhWrRy8T/vF6iwws/pTxONOF4vihMGNQCZonAAZUEazYxBGFJza0Qj5BEWJvcSiYEd/HlZdKuVd3Tau3mrFK/yuMogjI4AifABeegDq5BE7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifPwhVl7k=</latexit>

G : f(C) ! R
<latexit sha1_base64="90vJGTu2i7sZZ2IoKYQWaIxJ7Dk=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxUQXFV7EKXVewDOkPJpJk2NJMMSUYpQ1du/BU3LhRx6ze482/MtF1o64ELh3Pu5d57gphRpR3n21pYXFpeWc2t5dc3Nre27Z3dhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwqGZ+855IRQW/08OY+BHqcRpSjLSROvbB1UVYrB5DT9JeXyMpxQP0IqT7QZDejjp2wSk5Y8B54k5JAUxR69hfXlfgJCJcY4aUartOrP0USU0xI6O8lygSIzxAPdI2lKOIKD8dvzGCR0bpwlBIU1zDsfp7IkWRUsMoMJ3ZhWrWy8T/vHaiw3M/pTxONOF4sihMGNQCZpnALpUEazY0BGFJza0Q95FEWJvk8iYEd/bledIol9yTUvnmtFC5nMaRA/vgEBSBC85ABVyDGqgDDB7BM3gFb9aT9WK9Wx+T1gVrOrMH/sD6/AEVxphF</latexit>

G
<latexit sha1_base64="kbaYBneSvDSn9HWvrHPd4l+nUzk=">AAACE3icdZBNS8MwHMbT+TbnW9Wjl+AQRKS0czJ3G3rQ4wT3Al0ZaZZuYekLSSqM0u/gxa/ixYMiXr1489uYbh1M0QcCD7/nn+TP40aMCmmaX1phaXllda24XtrY3Nre0Xf32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjjq+yvHNPuKBhcCcnEXF8NAyoRzGSCvX1k6Q3fcTmQ9dJTOPczHRqGubczEh6nfb1spVjaBp1pVo1N3ULzqMyyNXs65+9QYhjnwQSMySEbZmRdBLEJcWMpKVeLEiE8BgNia1sgHwinGS6TgqPFBlAL+TqBBJO6eKNBPlCTHxXTfpIjsTvLIN/ZXYsvQsnoUEUSxLg2UdezKAMYVYQHFBOsGQTZRDmVO0K8QhxhKWqsbRYwv+mXTGsM6NyWy03LvM6iuAAHIJjYIEaaIAb0AQtgMEDeAIv4FV71J61N+19NlrQ8jv74Ie0j2+chJoy</latexit>

holds for any                       .x, y 2 C,� 2 [0, 1]
<latexit sha1_base64="K//a8Fq+hkkAwUZhm5t6N3YV710=">AAACL3icdVBbS8MwGE3nbc5b1UdfgkPwYYx2DubehgPxcYK7QFtGmmVbWJqWJBVH2T/yxb+yFxFFfPVfmHUVvB4InJzz3Th+xKhUlvVk5FZW19Y38puFre2d3T1z/6Ajw1hg0sYhC0XPR5IwyklbUcVILxIEBT4jXX/SXPjdWyIkDfmNmkbEC9CI0yHFSGmpb14mbjrEESPfS6yylaL0i8zuSnAKXcphswRdphcMUPp1rJLtzfpm0c4qoVWua9SqGanb8NMqggytvjl3ByGOA8IVZkhKx7Yi5SVIKIoZmRXcWJII4QkaEUdTjgIivSQ9dQZPtDKAw1DoxxVM1a8dCQqknAa+rgyQGsuf3kL8y3NiNTz3EsqjWBGOl4uGMYMqhIvw4IAKghWbaoKwoPpWiMdIIKx0xIWvIfxPOpWyfVauXFeLjYssjjw4AsfgFNigBhrgCrRAG2BwD+bgGbwYD8aj8Wq8LUtzRtZzCL7BeP8AGkujrQ==</latexit>
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Concavity, Quasi-concavity & Transconcavity

Searching for (Quasi-)concavity
The probabilistic function: 

 is said to be quasi-concave if:φ

Transconcavity

The family Gα

' : x 7! '(x) =
<latexit sha1_base64="Cawm1pdPP0c3vTv0gNGt49x51F8=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpsxUQRGEohuXFewDOkPJpJk2NMkMSaa0DN258VfcuFDErb/gzr8xbWehrQcCh3Pu5eacIGZUacf5tpaWV1bX1nMb+c2t7Z1de2+/rqJEYlLDEYtkM0CKMCpITVPNSDOWBPGAkUbQv534jQGRikbiQY9i4nPUFTSkGGkjte0jb4Bk3KNXQ+hxFCsdwUwpDk/hddsuOCVnCrhI3IwUQIZq2/7yOhFOOBEaM6RUy3Vi7adIaooZGee9RJEY4T7qkpahAnGi/HSaYwxPjNKBYSTNExpO1d8bKeJKjXhgJjnSPTXvTcT/vFaiw0s/pSJONBF4dihMGDRpJ6XADpUEazYyBGFJzV8h7iGJsDbV5U0J7nzkRVIvl9yzUvn+vFC5yerIgUNwDIrABRegAu5AFdQABo/gGbyCN+vJerHerY/Z6JKV7RyAP7A+fwDtBZiv</latexit>

, 8x, y 2 X,� 2 [0, 1]
<latexit sha1_base64="6aYpdmUDevbSDgq3vkesuGHEjXg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUYoiopSDBWsDAWiT6kJKocx2mtOk5kO4go6hew8CssDCDEyszG3+C2GaDlSJaOz71H994TpIxKZdvfxsrq2vrGZmWrur2zu7dvHhx2ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeMr6f13j0Rkib8TuUp8WM05DSiGCktDcy65UWJQIzBByv3KId9C3pM+0MEp1/XtqDjD8ya3bBngMvEKUkNlGgPzC8vTHAWE64wQ1K6jp0qv0BCUczIpOplkqQIj9GQuJpyFBPpF7NzJrCulRDqtfTjCs7U344CxVLmcaA7Y6RGcrE2Ff+ruZmKLv2C8jRThOP5oChjUCVwmg0MqSBYsVwThAXVu0I8QgJhpROs6hCcxZOXSbfZcM4azdvzWuuqjKMCjsEJOAUOuAAtcAPaoAMweATP4BW8GU/Gi/FufMxbV4zScwT+wPj8Aa0AmfI=</latexit>

Definition Let    be a convex subset of    . We say that 
a function               is    -concave if there exists a strictly 
monotonic function                  such that  

f(�x+ (1� �)y) � G�1 (� G � f(x) + (1� �) G � f(y))
<latexit sha1_base64="PTvtz0F7Uz4K4n8mg/DhUeVnhE8="></latexit>

C
<latexit sha1_base64="re76Zkt0iSC9uIARbCEdpPGTKdg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrUrZuypXGtel6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJczjMs=</latexit>

Rd
<latexit sha1_base64="hLyX6ToQCW6EMeM4K4bU8KLUH+s=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiS1oMuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0m3UXcu6o27Zq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx83R5HM</latexit>

f : C ! R
<latexit sha1_base64="zCR3LFzBwNvfqyoU0gzmSRkE5WY=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRVUFwVu3FZxT6gCWUynbRDJzNhZqKU0IUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufeeIGZUacf5tgorq2vrG8XN0tb2zu6evX/QViKRmLSwYEJ2A6QIo5y0NNWMdGNJUBQw0gnGjczv3BOpqOB3ehITP0JDTkOKkTZS3y6Hl7ABPUmHI42kFA/Qi5AeBUF6O+3bFafqzACXiZuTCsjR7Ntf3kDgJCJcY4aU6rlOrP0USU0xI9OSlygSIzxGQ9IzlKOIKD+dPTGFx0YZwFBIU1zDmfp7IkWRUpMoMJ3ZhWrRy8T/vF6iwws/pTxONOF4vihMGNQCZonAAZUEazYxBGFJza0Qj5BEWJvcSiYEd/HlZdKuVd3Tau3mrFK/yuMogjI4AifABeegDq5BE7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifPwhVl7k=</latexit>

G : f(C) ! R
<latexit sha1_base64="90vJGTu2i7sZZ2IoKYQWaIxJ7Dk=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxUQXFV7EKXVewDOkPJpJk2NJMMSUYpQ1du/BU3LhRx6ze482/MtF1o64ELh3Pu5d57gphRpR3n21pYXFpeWc2t5dc3Nre27Z3dhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwqGZ+855IRQW/08OY+BHqcRpSjLSROvbB1UVYrB5DT9JeXyMpxQP0IqT7QZDejjp2wSk5Y8B54k5JAUxR69hfXlfgJCJcY4aUartOrP0USU0xI6O8lygSIzxAPdI2lKOIKD8dvzGCR0bpwlBIU1zDsfp7IkWRUsMoMJ3ZhWrWy8T/vHaiw3M/pTxONOF4sihMGNQCZpnALpUEazY0BGFJza0Q95FEWJvk8iYEd/bledIol9yTUvnmtFC5nMaRA/vgEBSBC85ABVyDGqgDDB7BM3gFb9aT9WK9Wx+T1gVrOrMH/sD6/AEVxphF</latexit>

G
<latexit sha1_base64="kbaYBneSvDSn9HWvrHPd4l+nUzk=">AAACE3icdZBNS8MwHMbT+TbnW9Wjl+AQRKS0czJ3G3rQ4wT3Al0ZaZZuYekLSSqM0u/gxa/ixYMiXr1489uYbh1M0QcCD7/nn+TP40aMCmmaX1phaXllda24XtrY3Nre0Xf32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjjq+yvHNPuKBhcCcnEXF8NAyoRzGSCvX1k6Q3fcTmQ9dJTOPczHRqGubczEh6nfb1spVjaBp1pVo1N3ULzqMyyNXs65+9QYhjnwQSMySEbZmRdBLEJcWMpKVeLEiE8BgNia1sgHwinGS6TgqPFBlAL+TqBBJO6eKNBPlCTHxXTfpIjsTvLIN/ZXYsvQsnoUEUSxLg2UdezKAMYVYQHFBOsGQTZRDmVO0K8QhxhKWqsbRYwv+mXTGsM6NyWy03LvM6iuAAHIJjYIEaaIAb0AQtgMEDeAIv4FV71J61N+19NlrQ8jv74Ie0j2+chJoy</latexit>

holds for any                       .x, y 2 C,� 2 [0, 1]
<latexit sha1_base64="K//a8Fq+hkkAwUZhm5t6N3YV710=">AAACL3icdVBbS8MwGE3nbc5b1UdfgkPwYYx2DubehgPxcYK7QFtGmmVbWJqWJBVH2T/yxb+yFxFFfPVfmHUVvB4InJzz3Th+xKhUlvVk5FZW19Y38puFre2d3T1z/6Ajw1hg0sYhC0XPR5IwyklbUcVILxIEBT4jXX/SXPjdWyIkDfmNmkbEC9CI0yHFSGmpb14mbjrEESPfS6yylaL0i8zuSnAKXcphswRdphcMUPp1rJLtzfpm0c4qoVWua9SqGanb8NMqggytvjl3ByGOA8IVZkhKx7Yi5SVIKIoZmRXcWJII4QkaEUdTjgIivSQ9dQZPtDKAw1DoxxVM1a8dCQqknAa+rgyQGsuf3kL8y3NiNTz3EsqjWBGOl4uGMYMqhIvw4IAKghWbaoKwoPpWiMdIIKx0xIWvIfxPOpWyfVauXFeLjYssjjw4AsfgFNigBhrgCrRAG2BwD+bgGbwYD8aj8Wq8LUtzRtZzCL7BeP8AGkujrQ==</latexit>

A particularly well studied choice got G is the 
family: 

G↵ : t 7! t↵
<latexit sha1_base64="lilZg6QwtIvNrLGc1OijUYW6uLI=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYhd0oKFZBCy0jmAdkY7g7mSRDZh/M3BXCktLGX7GxUMTWT7Dzb5wkW2jigYHDOfdy5xw/lkKj43xbC4tLyyurubX8+sbm1ra9s1vTUaIYr7JIRqrhg+ZShLyKAiVvxIpD4Ete9wdXY7/+wJUWUXiHw5i3AuiFoisYoJHa9gG9bqceyLgPowuK1Asg1hhRvJ+KbbvgFJ0J6DxxM1IgGSpt+8vrRCwJeIhMgtZN14mxlYJCwSQf5b1E8xjYAHq8aWgIAdetdBJkRI+M0qHdSJkXIp2ovzdSCLQeBr6ZDAD7etYbi/95zQS7561UhHGCPGTTQ91E0nFS0wrtCMUZyqEhwJQwf6WsDwoYmu7ypgR3NvI8qZWK7kmxdHtaKF9mdeTIPjkkx8QlZ6RMbkiFVAkjj+SZvJI368l6sd6tj+nogpXt7JE/sD5/AM8zmTc=</latexit>

,↵ 2 (�1, 1] \ {0}
<latexit sha1_base64="A4KUscVRCfGxoTg1RjI4D6mTot4=">AAACEHicbVC7TsMwFHXKq5RXgJHFokJ0KFVSkGCsYGEsEn1ITVQ5rtNadZzIvkGqon4CC7/CwgBCrIxs/A3uY4CWI92ro3PulX1PkAiuwXG+rdzK6tr6Rn6zsLW9s7tn7x80dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXDm4nfemBK81jewyhhfkT6koecEjBS1z4te0QkA4I9LnHpzPQQRmXs+p5mEHGZauxljjfu2kWn4kyBl4k7J0U0R71rf3m9mKYRk0AF0brjOgn4GVHAqWDjgpdqlhA6JH3WMVSSiGk/mx40xidG6eEwVqYk4Kn6eyMjkdajKDCTEYGBXvQm4n9eJ4Xwys+4TFJgks4eClOBIcaTdHCPK0ZBjAwhVHHzV0wHRBEKJsOCCcFdPHmZNKsV97xSvbso1q7nceTRETpGJeSiS1RDt6iOGoiiR/SMXtGb9WS9WO/Wx2w0Z813DtEfWJ8/qyibvw==</latexit>
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Concavity, Quasi-concavity & Transconcavity

Searching for (Quasi-)concavity
The probabilistic function: 

 is said to be quasi-concave if:φ

Transconcavity

The family Gα

' : x 7! '(x) =
<latexit sha1_base64="Cawm1pdPP0c3vTv0gNGt49x51F8=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpsxUQRGEohuXFewDOkPJpJk2NMkMSaa0DN258VfcuFDErb/gzr8xbWehrQcCh3Pu5eacIGZUacf5tpaWV1bX1nMb+c2t7Z1de2+/rqJEYlLDEYtkM0CKMCpITVPNSDOWBPGAkUbQv534jQGRikbiQY9i4nPUFTSkGGkjte0jb4Bk3KNXQ+hxFCsdwUwpDk/hddsuOCVnCrhI3IwUQIZq2/7yOhFOOBEaM6RUy3Vi7adIaooZGee9RJEY4T7qkpahAnGi/HSaYwxPjNKBYSTNExpO1d8bKeJKjXhgJjnSPTXvTcT/vFaiw0s/pSJONBF4dihMGDRpJ6XADpUEazYyBGFJzV8h7iGJsDbV5U0J7nzkRVIvl9yzUvn+vFC5yerIgUNwDIrABRegAu5AFdQABo/gGbyCN+vJerHerY/Z6JKV7RyAP7A+fwDtBZiv</latexit>

, 8x, y 2 X,� 2 [0, 1]
<latexit sha1_base64="6aYpdmUDevbSDgq3vkesuGHEjXg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUYoiopSDBWsDAWiT6kJKocx2mtOk5kO4go6hew8CssDCDEyszG3+C2GaDlSJaOz71H994TpIxKZdvfxsrq2vrGZmWrur2zu7dvHhx2ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeMr6f13j0Rkib8TuUp8WM05DSiGCktDcy65UWJQIzBByv3KId9C3pM+0MEp1/XtqDjD8ya3bBngMvEKUkNlGgPzC8vTHAWE64wQ1K6jp0qv0BCUczIpOplkqQIj9GQuJpyFBPpF7NzJrCulRDqtfTjCs7U344CxVLmcaA7Y6RGcrE2Ff+ruZmKLv2C8jRThOP5oChjUCVwmg0MqSBYsVwThAXVu0I8QgJhpROs6hCcxZOXSbfZcM4azdvzWuuqjKMCjsEJOAUOuAAtcAPaoAMweATP4BW8GU/Gi/FufMxbV4zScwT+wPj8Aa0AmfI=</latexit>

Definition Let    be a convex subset of    . We say that 
a function               is    -concave if there exists a strictly 
monotonic function                  such that  

f(�x+ (1� �)y) � G�1 (� G � f(x) + (1� �) G � f(y))
<latexit sha1_base64="PTvtz0F7Uz4K4n8mg/DhUeVnhE8="></latexit>

C
<latexit sha1_base64="re76Zkt0iSC9uIARbCEdpPGTKdg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrUrZuypXGtel6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJczjMs=</latexit>

Rd
<latexit sha1_base64="hLyX6ToQCW6EMeM4K4bU8KLUH+s=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiS1oMuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0m3UXcu6o27Zq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx83R5HM</latexit>

f : C ! R
<latexit sha1_base64="zCR3LFzBwNvfqyoU0gzmSRkE5WY=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRVUFwVu3FZxT6gCWUynbRDJzNhZqKU0IUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufeeIGZUacf5tgorq2vrG8XN0tb2zu6evX/QViKRmLSwYEJ2A6QIo5y0NNWMdGNJUBQw0gnGjczv3BOpqOB3ehITP0JDTkOKkTZS3y6Hl7ABPUmHI42kFA/Qi5AeBUF6O+3bFafqzACXiZuTCsjR7Ntf3kDgJCJcY4aU6rlOrP0USU0xI9OSlygSIzxGQ9IzlKOIKD+dPTGFx0YZwFBIU1zDmfp7IkWRUpMoMJ3ZhWrRy8T/vF6iwws/pTxONOF4vihMGNQCZonAAZUEazYxBGFJza0Qj5BEWJvcSiYEd/HlZdKuVd3Tau3mrFK/yuMogjI4AifABeegDq5BE7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifPwhVl7k=</latexit>

G : f(C) ! R
<latexit sha1_base64="90vJGTu2i7sZZ2IoKYQWaIxJ7Dk=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxUQXFV7EKXVewDOkPJpJk2NJMMSUYpQ1du/BU3LhRx6ze482/MtF1o64ELh3Pu5d57gphRpR3n21pYXFpeWc2t5dc3Nre27Z3dhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwqGZ+855IRQW/08OY+BHqcRpSjLSROvbB1UVYrB5DT9JeXyMpxQP0IqT7QZDejjp2wSk5Y8B54k5JAUxR69hfXlfgJCJcY4aUartOrP0USU0xI6O8lygSIzxAPdI2lKOIKD8dvzGCR0bpwlBIU1zDsfp7IkWRUsMoMJ3ZhWrWy8T/vHaiw3M/pTxONOF4sihMGNQCZpnALpUEazY0BGFJza0Q95FEWJvk8iYEd/bledIol9yTUvnmtFC5nMaRA/vgEBSBC85ABVyDGqgDDB7BM3gFb9aT9WK9Wx+T1gVrOrMH/sD6/AEVxphF</latexit>

G
<latexit sha1_base64="kbaYBneSvDSn9HWvrHPd4l+nUzk=">AAACE3icdZBNS8MwHMbT+TbnW9Wjl+AQRKS0czJ3G3rQ4wT3Al0ZaZZuYekLSSqM0u/gxa/ixYMiXr1489uYbh1M0QcCD7/nn+TP40aMCmmaX1phaXllda24XtrY3Nre0Xf32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjjq+yvHNPuKBhcCcnEXF8NAyoRzGSCvX1k6Q3fcTmQ9dJTOPczHRqGubczEh6nfb1spVjaBp1pVo1N3ULzqMyyNXs65+9QYhjnwQSMySEbZmRdBLEJcWMpKVeLEiE8BgNia1sgHwinGS6TgqPFBlAL+TqBBJO6eKNBPlCTHxXTfpIjsTvLIN/ZXYsvQsnoUEUSxLg2UdezKAMYVYQHFBOsGQTZRDmVO0K8QhxhKWqsbRYwv+mXTGsM6NyWy03LvM6iuAAHIJjYIEaaIAb0AQtgMEDeAIv4FV71J61N+19NlrQ8jv74Ie0j2+chJoy</latexit>

holds for any                       .x, y 2 C,� 2 [0, 1]
<latexit sha1_base64="K//a8Fq+hkkAwUZhm5t6N3YV710=">AAACL3icdVBbS8MwGE3nbc5b1UdfgkPwYYx2DubehgPxcYK7QFtGmmVbWJqWJBVH2T/yxb+yFxFFfPVfmHUVvB4InJzz3Th+xKhUlvVk5FZW19Y38puFre2d3T1z/6Ajw1hg0sYhC0XPR5IwyklbUcVILxIEBT4jXX/SXPjdWyIkDfmNmkbEC9CI0yHFSGmpb14mbjrEESPfS6yylaL0i8zuSnAKXcphswRdphcMUPp1rJLtzfpm0c4qoVWua9SqGanb8NMqggytvjl3ByGOA8IVZkhKx7Yi5SVIKIoZmRXcWJII4QkaEUdTjgIivSQ9dQZPtDKAw1DoxxVM1a8dCQqknAa+rgyQGsuf3kL8y3NiNTz3EsqjWBGOl4uGMYMqhIvw4IAKghWbaoKwoPpWiMdIIKx0xIWvIfxPOpWyfVauXFeLjYssjjw4AsfgFNigBhrgCrRAG2BwD+bgGbwYD8aj8Wq8LUtzRtZzCL7BeP8AGkujrQ==</latexit>

A particularly well studied choice got G is the 
family: 

G↵ : t 7! t↵
<latexit sha1_base64="lilZg6QwtIvNrLGc1OijUYW6uLI=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYhd0oKFZBCy0jmAdkY7g7mSRDZh/M3BXCktLGX7GxUMTWT7Dzb5wkW2jigYHDOfdy5xw/lkKj43xbC4tLyyurubX8+sbm1ra9s1vTUaIYr7JIRqrhg+ZShLyKAiVvxIpD4Ete9wdXY7/+wJUWUXiHw5i3AuiFoisYoJHa9gG9bqceyLgPowuK1Asg1hhRvJ+KbbvgFJ0J6DxxM1IgGSpt+8vrRCwJeIhMgtZN14mxlYJCwSQf5b1E8xjYAHq8aWgIAdetdBJkRI+M0qHdSJkXIp2ovzdSCLQeBr6ZDAD7etYbi/95zQS7561UhHGCPGTTQ91E0nFS0wrtCMUZyqEhwJQwf6WsDwoYmu7ypgR3NvI8qZWK7kmxdHtaKF9mdeTIPjkkx8QlZ6RMbkiFVAkjj+SZvJI368l6sd6tj+nogpXt7JE/sD5/AM8zmTc=</latexit>

This family may be extended by continuity. 
Consider                                    defined as:

m↵(a, b,�) =

8
<

:

a�b1�� if ↵ = 0
min a, b if ↵ = �1
(�a↵ + (1� �)b↵)

1
↵ otherwise.

<latexit sha1_base64="EkbtNxjPLNqnBIz320sojK+sU7g="></latexit>

m↵ : R+ ⇥ R+ ⇥ [0, 1] ! R
<latexit sha1_base64="aH9svixjfn8p0siKMj+2h8bvb0E=">AAACOXicbVDLSgNBEJyN7/ha9ehlMAiCEnajoHgSvXiMYkwgu4TeySQZMvtgplcJS37Li3/hTfDiQRGv/oCTxyGaFAwUVdVMdwWJFBod59XKzc0vLC4tr+RX19Y3Nu2t7Xsdp4rxCotlrGoBaC5FxCsoUPJaojiEgeTVoHs18KsPXGkRR3fYS7gfQjsSLcEAjdSwy2Ej80AmHeifeyFgJwiy237jkHooQq7pLK3uHFHXp54S7Q6CUvHjZMwuOEVnCDpN3DEpkDHKDfvFa8YsDXmETILWdddJ0M9AoWCS9/NeqnkCrAttXjc0ArOCnw0v79N9ozRpK1bmRUiH6uREBqHWvTAwycGG+r83EGd59RRbZ34moiRFHrHRR61UUozpoEbaFIozlD1DgClhdqWsAwoYmrLzpgT3/8nT5L5UdI+LpZuTwsXluI5lskv2yAFxySm5INekTCqEkSfyRj7Ip/VsvVtf1vcomrPGMzvkD6yfX22drUU=</latexit>

m↵(a, b,�) = 0
<latexit sha1_base64="Q9LNiAHKLOJwbu+hFh3yC4/WC4k=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqlJJUQTdC0Y3LCvYBTQg300k7dPJgZiKU0IUbf8WNC0Xc+hHu/BunbRbaemDgcM493LnHTziTyrK+jZXVtfWNzcJWcXtnd2/fPDhsyzgVhLZIzGPR9UFSziLaUkxx2k0EhdDntOOPbqZ+54EKyeLoXo0T6oYwiFjACCgteWYp9BzgyRAqUMV+FTtcZ/twiq+w5Zllq2bNgJeJnZMyytH0zC+nH5M0pJEiHKTs2Vai3AyEYoTTSdFJJU2AjGBAe5pGEFLpZrMjJvhEK30cxEK/SOGZ+juRQSjlOPT1ZAhqKBe9qfif10tVcOlmLEpSRSMyXxSkHKsYTxvBfSYoUXysCRDB9F8xGYIAonRvRV2CvXjyMmnXa/ZZrX53Xm5c53UUUAkdowqy0QVqoFvURC1E0CN6Rq/ozXgyXox342M+umLkmSP0B8bnD2qLlgE=</latexit>

If ab = 0 and ↵  0,
<latexit sha1_base64="rzUERhd2/ugcE2ZjroPxJRzHheY=">AAACFHicbVBNSyNBEO1xV43xK65HL80GYWElzERBL0LYvezeImw+IBNCTafGNPb0jN01YhjyI/biX/Gyh5XFqwdv/hs7H4f140HB6/eq6KoXZUpa8v0nb+nDx+WV1dJaeX1jc2u7svOpbdPcCGyJVKWmG4FFJTW2SJLCbmYQkkhhJ7r4PvU7V2isTPUvGmfYT+Bcy1gKICcNKl9DwmsqfsZ8wiE69fn8zUEPnRKCykbAQ4WX3D8YVKp+zZ+BvyXBglTZAs1B5TEcpiJPUJNQYG0v8DPqF2BICoWTcphbzEBcwDn2HNWQoO0Xs6MmfN8pQx6nxpUmPlP/nyggsXacRK4zARrZ195UfM/r5RSf9Aups5xQi/lHca44pXyaEB9Kg4LU2BEQRrpduRiBAUEux7ILIXh98lvSrteCw1r97Kja+LaIo8T22Gf2hQXsmDXYD9ZkLSbYb3bL/rI778b74/3z7uetS95iZpe9gPfwDCy+nP0=</latexit>

otherwise,
<latexit sha1_base64="aT54X8e3aLs1XKNPTGpFAwR6mgo=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4kJJUQY9FLx4r2A9oQ9lsp+3SzSbsTqwl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QSy4Rtf9tlZW19Y3NnNb+e2d3b19u3BQ11GiGNRYJCLVDKgGwSXUkKOAZqyAhoGARjC8mfqNB1CaR/IexzH4Ie1L3uOMopE6dqGN8IhphANQI67hbNKxi27JncFZJl5GiiRDtWN/tbsRS0KQyATVuuW5MfopVciZgEm+nWiIKRvSPrQMlTQE7aez0yfOiVG6Ti9SpiQ6M/X3REpDrcdhYDpDigO96E3F/7xWgr0rP+UyThAkmy/qJcLByJnm4HS5AoZibAhliptbHTagijI0aeVNCN7iy8ukXi5556Xy3UWxcp3FkSNH5JicEo9ckgq5JVVSI4yMyDN5JW/Wk/VivVsf89YVK5s5JH9gff4A/suUeA==</latexit>

Functions satisfying     -concavity are called  
   -concave.

G↵
<latexit sha1_base64="Ww5fgWtmVZtSrMBHqOlxkT30WI8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9gPaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWP5YMYJ8yMcSB5yisZK7dteF0UyxF6p7FbcGcgy8XJShhz1Xumr249pGjFpqECtO56bGD9DZTgVbFLsppolSEc4YB1LJUZM+9ns3gk5tUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/8jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERFW0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAd1aAAFAc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1n+P1g==</latexit>

↵
<latexit sha1_base64="LaF7bv4bfAikA8qETiEAEF+bWdc=">AAACGHicdZBNS8MwGMdTX+d8q3r0EhyCB6ntVPQ49OJxgnuBtow0S7ewNC1JKoyyj+HFr+LFgyJed/PbmG6tqOgfAn9+z/MkT/5BwqhUtv1hLCwuLa+sVtaq6xubW9vmzm5bxqnApIVjFotugCRhlJOWooqRbiIIigJGOsHoOq937omQNOZ3apwQP0IDTkOKkdKoZ55k3uwSVwwCP7OtczvXsW3ZpZmTiYdYMkSTnlkrESyb4BdxClIDhZo9c+r1Y5xGhCvMkJSuYyfKz5BQFDMyqXqpJAnCIzQgrrYcRUT62WynCTzUpA/DWOjDFZzR7xMZiqQcR4HujJAayt+1HP5Vc1MVXvoZ5UmqCMfzh8KUQRXDPCXYp4JgxcbaICyo3hXiIRIIK51lVYdQ/hT+b9p1yzm16rdntcZVEUcF7IMDcAQccAEa4AY0QQtg8ACewAt4NR6NZ+PNeJ+3LhjFzB74IWP6CU4FnCs=</latexit>

,↵ 2 (�1, 1] \ {0}
<latexit sha1_base64="A4KUscVRCfGxoTg1RjI4D6mTot4=">AAACEHicbVC7TsMwFHXKq5RXgJHFokJ0KFVSkGCsYGEsEn1ITVQ5rtNadZzIvkGqon4CC7/CwgBCrIxs/A3uY4CWI92ro3PulX1PkAiuwXG+rdzK6tr6Rn6zsLW9s7tn7x80dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXDm4nfemBK81jewyhhfkT6koecEjBS1z4te0QkA4I9LnHpzPQQRmXs+p5mEHGZauxljjfu2kWn4kyBl4k7J0U0R71rf3m9mKYRk0AF0brjOgn4GVHAqWDjgpdqlhA6JH3WMVSSiGk/mx40xidG6eEwVqYk4Kn6eyMjkdajKDCTEYGBXvQm4n9eJ4Xwys+4TFJgks4eClOBIcaTdHCPK0ZBjAwhVHHzV0wHRBEKJsOCCcFdPHmZNKsV97xSvbso1q7nceTRETpGJeSiS1RDt6iOGoiiR/SMXtGb9WS9WO/Wx2w0Z813DtEfWJ8/qyibvw==</latexit>
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Concavity, Quasi-concavity & Transconcavity

Searching for (Quasi-)concavity
The probabilistic function: 

 is said to be quasi-concave if:φ

Transconcavity

The family Gα

' : x 7! '(x) =
<latexit sha1_base64="Cawm1pdPP0c3vTv0gNGt49x51F8=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpsxUQRGEohuXFewDOkPJpJk2NMkMSaa0DN258VfcuFDErb/gzr8xbWehrQcCh3Pu5eacIGZUacf5tpaWV1bX1nMb+c2t7Z1de2+/rqJEYlLDEYtkM0CKMCpITVPNSDOWBPGAkUbQv534jQGRikbiQY9i4nPUFTSkGGkjte0jb4Bk3KNXQ+hxFCsdwUwpDk/hddsuOCVnCrhI3IwUQIZq2/7yOhFOOBEaM6RUy3Vi7adIaooZGee9RJEY4T7qkpahAnGi/HSaYwxPjNKBYSTNExpO1d8bKeJKjXhgJjnSPTXvTcT/vFaiw0s/pSJONBF4dihMGDRpJ6XADpUEazYyBGFJzV8h7iGJsDbV5U0J7nzkRVIvl9yzUvn+vFC5yerIgUNwDIrABRegAu5AFdQABo/gGbyCN+vJerHerY/Z6JKV7RyAP7A+fwDtBZiv</latexit>

, 8x, y 2 X,� 2 [0, 1]
<latexit sha1_base64="6aYpdmUDevbSDgq3vkesuGHEjXg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUYoiopSDBWsDAWiT6kJKocx2mtOk5kO4go6hew8CssDCDEyszG3+C2GaDlSJaOz71H994TpIxKZdvfxsrq2vrGZmWrur2zu7dvHhx2ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeMr6f13j0Rkib8TuUp8WM05DSiGCktDcy65UWJQIzBByv3KId9C3pM+0MEp1/XtqDjD8ya3bBngMvEKUkNlGgPzC8vTHAWE64wQ1K6jp0qv0BCUczIpOplkqQIj9GQuJpyFBPpF7NzJrCulRDqtfTjCs7U344CxVLmcaA7Y6RGcrE2Ff+ruZmKLv2C8jRThOP5oChjUCVwmg0MqSBYsVwThAXVu0I8QgJhpROs6hCcxZOXSbfZcM4azdvzWuuqjKMCjsEJOAUOuAAtcAPaoAMweATP4BW8GU/Gi/FufMxbV4zScwT+wPj8Aa0AmfI=</latexit>

Definition Let    be a convex subset of    . We say that 
a function               is    -concave if there exists a strictly 
monotonic function                  such that  

f(�x+ (1� �)y) � G�1 (� G � f(x) + (1� �) G � f(y))
<latexit sha1_base64="PTvtz0F7Uz4K4n8mg/DhUeVnhE8="></latexit>

C
<latexit sha1_base64="re76Zkt0iSC9uIARbCEdpPGTKdg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrUrZuypXGtel6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJczjMs=</latexit>

Rd
<latexit sha1_base64="hLyX6ToQCW6EMeM4K4bU8KLUH+s=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiS1oMuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0m3UXcu6o27Zq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx83R5HM</latexit>

f : C ! R
<latexit sha1_base64="zCR3LFzBwNvfqyoU0gzmSRkE5WY=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRVUFwVu3FZxT6gCWUynbRDJzNhZqKU0IUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufeeIGZUacf5tgorq2vrG8XN0tb2zu6evX/QViKRmLSwYEJ2A6QIo5y0NNWMdGNJUBQw0gnGjczv3BOpqOB3ehITP0JDTkOKkTZS3y6Hl7ABPUmHI42kFA/Qi5AeBUF6O+3bFafqzACXiZuTCsjR7Ntf3kDgJCJcY4aU6rlOrP0USU0xI9OSlygSIzxGQ9IzlKOIKD+dPTGFx0YZwFBIU1zDmfp7IkWRUpMoMJ3ZhWrRy8T/vF6iwws/pTxONOF4vihMGNQCZonAAZUEazYxBGFJza0Qj5BEWJvcSiYEd/HlZdKuVd3Tau3mrFK/yuMogjI4AifABeegDq5BE7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifPwhVl7k=</latexit>

G : f(C) ! R
<latexit sha1_base64="90vJGTu2i7sZZ2IoKYQWaIxJ7Dk=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxUQXFV7EKXVewDOkPJpJk2NJMMSUYpQ1du/BU3LhRx6ze482/MtF1o64ELh3Pu5d57gphRpR3n21pYXFpeWc2t5dc3Nre27Z3dhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwqGZ+855IRQW/08OY+BHqcRpSjLSROvbB1UVYrB5DT9JeXyMpxQP0IqT7QZDejjp2wSk5Y8B54k5JAUxR69hfXlfgJCJcY4aUartOrP0USU0xI6O8lygSIzxAPdI2lKOIKD8dvzGCR0bpwlBIU1zDsfp7IkWRUsMoMJ3ZhWrWy8T/vHaiw3M/pTxONOF4sihMGNQCZpnALpUEazY0BGFJza0Q95FEWJvk8iYEd/bledIol9yTUvnmtFC5nMaRA/vgEBSBC85ABVyDGqgDDB7BM3gFb9aT9WK9Wx+T1gVrOrMH/sD6/AEVxphF</latexit>

G
<latexit sha1_base64="kbaYBneSvDSn9HWvrHPd4l+nUzk=">AAACE3icdZBNS8MwHMbT+TbnW9Wjl+AQRKS0czJ3G3rQ4wT3Al0ZaZZuYekLSSqM0u/gxa/ixYMiXr1489uYbh1M0QcCD7/nn+TP40aMCmmaX1phaXllda24XtrY3Nre0Xf32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjjq+yvHNPuKBhcCcnEXF8NAyoRzGSCvX1k6Q3fcTmQ9dJTOPczHRqGubczEh6nfb1spVjaBp1pVo1N3ULzqMyyNXs65+9QYhjnwQSMySEbZmRdBLEJcWMpKVeLEiE8BgNia1sgHwinGS6TgqPFBlAL+TqBBJO6eKNBPlCTHxXTfpIjsTvLIN/ZXYsvQsnoUEUSxLg2UdezKAMYVYQHFBOsGQTZRDmVO0K8QhxhKWqsbRYwv+mXTGsM6NyWy03LvM6iuAAHIJjYIEaaIAb0AQtgMEDeAIv4FV71J61N+19NlrQ8jv74Ie0j2+chJoy</latexit>

holds for any                       .x, y 2 C,� 2 [0, 1]
<latexit sha1_base64="K//a8Fq+hkkAwUZhm5t6N3YV710=">AAACL3icdVBbS8MwGE3nbc5b1UdfgkPwYYx2DubehgPxcYK7QFtGmmVbWJqWJBVH2T/yxb+yFxFFfPVfmHUVvB4InJzz3Th+xKhUlvVk5FZW19Y38puFre2d3T1z/6Ajw1hg0sYhC0XPR5IwyklbUcVILxIEBT4jXX/SXPjdWyIkDfmNmkbEC9CI0yHFSGmpb14mbjrEESPfS6yylaL0i8zuSnAKXcphswRdphcMUPp1rJLtzfpm0c4qoVWua9SqGanb8NMqggytvjl3ByGOA8IVZkhKx7Yi5SVIKIoZmRXcWJII4QkaEUdTjgIivSQ9dQZPtDKAw1DoxxVM1a8dCQqknAa+rgyQGsuf3kL8y3NiNTz3EsqjWBGOl4uGMYMqhIvw4IAKghWbaoKwoPpWiMdIIKx0xIWvIfxPOpWyfVauXFeLjYssjjw4AsfgFNigBhrgCrRAG2BwD+bgGbwYD8aj8Wq8LUtzRtZzCL7BeP8AGkujrQ==</latexit>

A particularly well studied choice got G is the 
family: 

G↵ : t 7! t↵
<latexit sha1_base64="lilZg6QwtIvNrLGc1OijUYW6uLI=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYhd0oKFZBCy0jmAdkY7g7mSRDZh/M3BXCktLGX7GxUMTWT7Dzb5wkW2jigYHDOfdy5xw/lkKj43xbC4tLyyurubX8+sbm1ra9s1vTUaIYr7JIRqrhg+ZShLyKAiVvxIpD4Ete9wdXY7/+wJUWUXiHw5i3AuiFoisYoJHa9gG9bqceyLgPowuK1Asg1hhRvJ+KbbvgFJ0J6DxxM1IgGSpt+8vrRCwJeIhMgtZN14mxlYJCwSQf5b1E8xjYAHq8aWgIAdetdBJkRI+M0qHdSJkXIp2ovzdSCLQeBr6ZDAD7etYbi/95zQS7561UhHGCPGTTQ91E0nFS0wrtCMUZyqEhwJQwf6WsDwoYmu7ypgR3NvI8qZWK7kmxdHtaKF9mdeTIPjkkx8QlZ6RMbkiFVAkjj+SZvJI368l6sd6tj+nogpXt7JE/sD5/AM8zmTc=</latexit>

This family may be extended by continuity. 
Consider                                    defined as:

m↵(a, b,�) =

8
<

:

a�b1�� if ↵ = 0
min a, b if ↵ = �1
(�a↵ + (1� �)b↵)

1
↵ otherwise.

<latexit sha1_base64="EkbtNxjPLNqnBIz320sojK+sU7g="></latexit>

m↵ : R+ ⇥ R+ ⇥ [0, 1] ! R
<latexit sha1_base64="aH9svixjfn8p0siKMj+2h8bvb0E=">AAACOXicbVDLSgNBEJyN7/ha9ehlMAiCEnajoHgSvXiMYkwgu4TeySQZMvtgplcJS37Li3/hTfDiQRGv/oCTxyGaFAwUVdVMdwWJFBod59XKzc0vLC4tr+RX19Y3Nu2t7Xsdp4rxCotlrGoBaC5FxCsoUPJaojiEgeTVoHs18KsPXGkRR3fYS7gfQjsSLcEAjdSwy2Ej80AmHeifeyFgJwiy237jkHooQq7pLK3uHFHXp54S7Q6CUvHjZMwuOEVnCDpN3DEpkDHKDfvFa8YsDXmETILWdddJ0M9AoWCS9/NeqnkCrAttXjc0ArOCnw0v79N9ozRpK1bmRUiH6uREBqHWvTAwycGG+r83EGd59RRbZ34moiRFHrHRR61UUozpoEbaFIozlD1DgClhdqWsAwoYmrLzpgT3/8nT5L5UdI+LpZuTwsXluI5lskv2yAFxySm5INekTCqEkSfyRj7Ip/VsvVtf1vcomrPGMzvkD6yfX22drUU=</latexit>

m↵(a, b,�) = 0
<latexit sha1_base64="Q9LNiAHKLOJwbu+hFh3yC4/WC4k=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqlJJUQTdC0Y3LCvYBTQg300k7dPJgZiKU0IUbf8WNC0Xc+hHu/BunbRbaemDgcM493LnHTziTyrK+jZXVtfWNzcJWcXtnd2/fPDhsyzgVhLZIzGPR9UFSziLaUkxx2k0EhdDntOOPbqZ+54EKyeLoXo0T6oYwiFjACCgteWYp9BzgyRAqUMV+FTtcZ/twiq+w5Zllq2bNgJeJnZMyytH0zC+nH5M0pJEiHKTs2Vai3AyEYoTTSdFJJU2AjGBAe5pGEFLpZrMjJvhEK30cxEK/SOGZ+juRQSjlOPT1ZAhqKBe9qfif10tVcOlmLEpSRSMyXxSkHKsYTxvBfSYoUXysCRDB9F8xGYIAonRvRV2CvXjyMmnXa/ZZrX53Xm5c53UUUAkdowqy0QVqoFvURC1E0CN6Rq/ozXgyXox342M+umLkmSP0B8bnD2qLlgE=</latexit>

If ab = 0 and ↵  0,
<latexit sha1_base64="rzUERhd2/ugcE2ZjroPxJRzHheY=">AAACFHicbVBNSyNBEO1xV43xK65HL80GYWElzERBL0LYvezeImw+IBNCTafGNPb0jN01YhjyI/biX/Gyh5XFqwdv/hs7H4f140HB6/eq6KoXZUpa8v0nb+nDx+WV1dJaeX1jc2u7svOpbdPcCGyJVKWmG4FFJTW2SJLCbmYQkkhhJ7r4PvU7V2isTPUvGmfYT+Bcy1gKICcNKl9DwmsqfsZ8wiE69fn8zUEPnRKCykbAQ4WX3D8YVKp+zZ+BvyXBglTZAs1B5TEcpiJPUJNQYG0v8DPqF2BICoWTcphbzEBcwDn2HNWQoO0Xs6MmfN8pQx6nxpUmPlP/nyggsXacRK4zARrZ195UfM/r5RSf9Aups5xQi/lHca44pXyaEB9Kg4LU2BEQRrpduRiBAUEux7ILIXh98lvSrteCw1r97Kja+LaIo8T22Gf2hQXsmDXYD9ZkLSbYb3bL/rI778b74/3z7uetS95iZpe9gPfwDCy+nP0=</latexit>

otherwise,
<latexit sha1_base64="aT54X8e3aLs1XKNPTGpFAwR6mgo=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4kJJUQY9FLx4r2A9oQ9lsp+3SzSbsTqwl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QSy4Rtf9tlZW19Y3NnNb+e2d3b19u3BQ11GiGNRYJCLVDKgGwSXUkKOAZqyAhoGARjC8mfqNB1CaR/IexzH4Ie1L3uOMopE6dqGN8IhphANQI67hbNKxi27JncFZJl5GiiRDtWN/tbsRS0KQyATVuuW5MfopVciZgEm+nWiIKRvSPrQMlTQE7aez0yfOiVG6Ti9SpiQ6M/X3REpDrcdhYDpDigO96E3F/7xWgr0rP+UyThAkmy/qJcLByJnm4HS5AoZibAhliptbHTagijI0aeVNCN7iy8ukXi5556Xy3UWxcp3FkSNH5JicEo9ckgq5JVVSI4yMyDN5JW/Wk/VivVsf89YVK5s5JH9gff4A/suUeA==</latexit>

Functions satisfying     -concavity are called  
   -concave.

G↵
<latexit sha1_base64="Ww5fgWtmVZtSrMBHqOlxkT30WI8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9gPaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWP5YMYJ8yMcSB5yisZK7dteF0UyxF6p7FbcGcgy8XJShhz1Xumr249pGjFpqECtO56bGD9DZTgVbFLsppolSEc4YB1LJUZM+9ns3gk5tUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/8jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERFW0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAd1aAAFAc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1n+P1g==</latexit>

↵
<latexit sha1_base64="LaF7bv4bfAikA8qETiEAEF+bWdc=">AAACGHicdZBNS8MwGMdTX+d8q3r0EhyCB6ntVPQ49OJxgnuBtow0S7ewNC1JKoyyj+HFr+LFgyJed/PbmG6tqOgfAn9+z/MkT/5BwqhUtv1hLCwuLa+sVtaq6xubW9vmzm5bxqnApIVjFotugCRhlJOWooqRbiIIigJGOsHoOq937omQNOZ3apwQP0IDTkOKkdKoZ55k3uwSVwwCP7OtczvXsW3ZpZmTiYdYMkSTnlkrESyb4BdxClIDhZo9c+r1Y5xGhCvMkJSuYyfKz5BQFDMyqXqpJAnCIzQgrrYcRUT62WynCTzUpA/DWOjDFZzR7xMZiqQcR4HujJAayt+1HP5Vc1MVXvoZ5UmqCMfzh8KUQRXDPCXYp4JgxcbaICyo3hXiIRIIK51lVYdQ/hT+b9p1yzm16rdntcZVEUcF7IMDcAQccAEa4AY0QQtg8ACewAt4NR6NZ+PNeJ+3LhjFzB74IWP6CU4FnCs=</latexit>

,↵ 2 (�1, 1] \ {0}
<latexit sha1_base64="A4KUscVRCfGxoTg1RjI4D6mTot4=">AAACEHicbVC7TsMwFHXKq5RXgJHFokJ0KFVSkGCsYGEsEn1ITVQ5rtNadZzIvkGqon4CC7/CwgBCrIxs/A3uY4CWI92ro3PulX1PkAiuwXG+rdzK6tr6Rn6zsLW9s7tn7x80dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXDm4nfemBK81jewyhhfkT6koecEjBS1z4te0QkA4I9LnHpzPQQRmXs+p5mEHGZauxljjfu2kWn4kyBl4k7J0U0R71rf3m9mKYRk0AF0brjOgn4GVHAqWDjgpdqlhA6JH3WMVSSiGk/mx40xidG6eEwVqYk4Kn6eyMjkdajKDCTEYGBXvQm4n9eJ4Xwys+4TFJgks4eClOBIcaTdHCPK0ZBjAwhVHHzV0wHRBEKJsOCCcFdPHmZNKsV97xSvbso1q7nceTRETpGJeSiS1RDt6iOGoiiR/SMXtGb9WS9WO/Wx2w0Z813DtEfWJ8/qyibvw==</latexit>

For any                 and                    be given, if 
   is    -concave, it is also   -concave when         . 
In particular,   is quasi-concave.

f : C ! R+
<latexit sha1_base64="d3FdxqKCVlMtvRFln2jeJ/oVFkI=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEEoSRVUFwVu3FZxT6gCWEynbRDJ5kwM1FKyMqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9GwuLS8srq6W18vrG5ta2ubPbljwRmLQwZ1x0fSQJoxFpKaoY6caCoNBnpOOPGrnfuSdCUh7dqXFM3BANIhpQjJSWPPMguGw4gg6GCgnBH6ATIjX0/fQ289KTzDMrVtWaAM4TuyAVUKDpmV9On+MkJJHCDEnZs61YuSkSimJGsrKTSBIjPEID0tM0QiGRbjp5I4NHWunDgAtdkYIT9fdEikIpx6GvO/Mr5ayXi/95vUQFF25KozhRJMLTRUHCoOIwzwT2qSBYsbEmCAuqb4V4iATCSidX1iHYsy/Pk3atap9WazdnlfpVEUcJ7INDcAxscA7q4Bo0QQtg8AiewSt4M56MF+Pd+Ji2LhjFzB74A+PzB1zWmQ8=</latexit>

↵,� 2 [�1, 1)
<latexit sha1_base64="SyE7F36fgERPYlK1YZjkzEwCyKg=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUYtiNgh6DXjxGMA/IhtA7mU2GzM4uM71CCLl68Ve8eFDEq3/gzb9x8jhoYkE3RVU3M11BIoVB1/12lpZXVtfWMxvZza3tnd3c3n7NxKlmvMpiGetGAIZLoXgVBUreSDSHKJC8HvRvxn79gWsjYnWPg4S3IugqEQoGaKV2jvogkx4UqB9wBOoLRZtntoc4KFDvlNJ2Lu8W3QnoIvFmJE9mqLRzX34nZmnEFTIJxjQ9N8HWEDQKJvko66eGJ8D60OVNSxVE3LSGk0tG9NgqHRrG2pZCOlF/bwwhMmYQBXYyAuyZeW8s/uc1UwyvWkOhkhS5YtOHwlRSjOk4FtoRmjOUA0uAaWH/SlkPNDC04WVtCN78yYukVip658XS3UW+fD2LI0MOyRE5IR65JGVySyqkShh5JM/klbw5T86L8+58TEeXnNnOAfkD5/MHDUiX/A==</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit> �

<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>

↵ � �
<latexit sha1_base64="DvGE5rX0D73duG8/orVuEdTy4z0=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHZJfROepMhsw9nZgNhyZ948aCIV//Em3/jJNmDJhY0FFXddHcFqeBKO863tba+sbm1Xdop7+7tHxzaR8ctlWSSYZMlIpGdABQKHmNTcy2wk0qEKBDYDkZ3M789Rql4Ej/qSYp+BIOYh5yBNlLPtj0Q6RC8AT5RL0ANPbviVJ056CpxC1IhBRo9+8vrJyyLMNZMgFJd10m1n4PUnAmclr1MYQpsBAPsGhpDhMrP55dP6blR+jRMpKlY07n6eyKHSKlJFJjOCPRQLXsz8T+vm+nwxs95nGYaY7ZYFGaC6oTOYqB9LpFpMTEEmOTmVsqGIIFpE1bZhOAuv7xKWrWqe1mtPVxV6rdFHCVySs7IBXHJNamTe9IgTcLImDyTV/Jm5daL9W59LFrXrGLmhPyB9fkDNyqTYg==</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>
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Transporting Concavity

Propagation of generalized concavity
The propagation lemma

For                :f : C ! R
<latexit sha1_base64="+ICH6dwqDzE6E+B1PIXJrTb7Nho=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoLgqduOyin1AE8pkOmmHTmbCzEQpoeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r0niBlV2nG+rcLS8srqWnG9tLG5tb1j7+61lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtINRPfPb90QqKvidHsfEj9CA05BipI3Usw/Cyzr0JB0MNZJSPEAvQnoYBOntpGeXnYozBVwkbk7KIEejZ395fYGTiHCNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNdQjiKi/HT6wwQeG6UPQyFNcQ2n6u+JFEVKjaPAdGYXqnkvE//zuokOL/yU8jjRhOPZojBhUAuYBQL7VBKs2dgQhCU1t0I8RBJhbWIrmRDc+ZcXSatacU8r1Zuzcu0qj6MIDsEROAEuOAc1cA0aoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Aa7xl48=</latexit>

⇢
f is G1-concave
G�1 is G2-concave

<latexit sha1_base64="sQXpp4zDQ2Itnv1f+OHGX2TZkeM="></latexit>

=) f is G2-concave
<latexit sha1_base64="DpatnZ/KAXIurmxzjvAwo9QDA40=">AAACE3icbVBNS8NAEN3U7/pV9ehlsQgiWJIq6LHoQY8KtgpNKJvtRJduNmF3Uiyh/8GLf8WLB0W8evHmv3Hb5uDXg4U3780wOy9MpTDoup9OaWp6ZnZufqG8uLS8slpZW2+ZJNMcmjyRib4OmQEpFDRRoITrVAOLQwlXYe9k5F/1QRuRqEscpBDE7EaJSHCGVupUdn0R2z1gaER9hDvMqTB0SE879aLe44nirA/DTqXq1twx6F/iFaRKCpx3Kh9+N+FZDAq5ZMa0PTfFIGcaBZcwLPuZgZTxHruBtqWKxWCCfHzTkG5bpUujRNunkI7V7xM5i40ZxKHtjBnemt/eSPzPa2cYHQW5UGmGoPhkUZRJigkdBUS7QgNHObCEcS3sXym/ZZpxtDGWbQje75P/kla95u3X6hcH1cZxEcc82SRbZId45JA0yBk5J03CyT15JM/kxXlwnpxX523SWnKKmQ3yA877Fy1jnbo=</latexit>
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Transporting Concavity

Propagation of generalized concavity

Inverse transconcavity

The propagation lemma

For                :f : C ! R
<latexit sha1_base64="+ICH6dwqDzE6E+B1PIXJrTb7Nho=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoLgqduOyin1AE8pkOmmHTmbCzEQpoeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r0niBlV2nG+rcLS8srqWnG9tLG5tb1j7+61lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtINRPfPb90QqKvidHsfEj9CA05BipI3Usw/Cyzr0JB0MNZJSPEAvQnoYBOntpGeXnYozBVwkbk7KIEejZ395fYGTiHCNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNdQjiKi/HT6wwQeG6UPQyFNcQ2n6u+JFEVKjaPAdGYXqnkvE//zuokOL/yU8jjRhOPZojBhUAuYBQL7VBKs2dgQhCU1t0I8RBJhbWIrmRDc+ZcXSatacU8r1Zuzcu0qj6MIDsEROAEuOAc1cA0aoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Aa7xl48=</latexit>

⇢
f is G1-concave
G�1 is G2-concave

<latexit sha1_base64="sQXpp4zDQ2Itnv1f+OHGX2TZkeM="></latexit>

=) f is G2-concave
<latexit sha1_base64="DpatnZ/KAXIurmxzjvAwo9QDA40=">AAACE3icbVBNS8NAEN3U7/pV9ehlsQgiWJIq6LHoQY8KtgpNKJvtRJduNmF3Uiyh/8GLf8WLB0W8evHmv3Hb5uDXg4U3780wOy9MpTDoup9OaWp6ZnZufqG8uLS8slpZW2+ZJNMcmjyRib4OmQEpFDRRoITrVAOLQwlXYe9k5F/1QRuRqEscpBDE7EaJSHCGVupUdn0R2z1gaER9hDvMqTB0SE879aLe44nirA/DTqXq1twx6F/iFaRKCpx3Kh9+N+FZDAq5ZMa0PTfFIGcaBZcwLPuZgZTxHruBtqWKxWCCfHzTkG5bpUujRNunkI7V7xM5i40ZxKHtjBnemt/eSPzPa2cYHQW5UGmGoPhkUZRJigkdBUS7QgNHObCEcS3sXym/ZZpxtDGWbQje75P/kla95u3X6hcH1cZxEcc82SRbZId45JA0yBk5J03CyT15JM/kxXlwnpxX523SWnKKmQ3yA877Fy1jnbo=</latexit>

Definition Let               be a non-decreasing function. 
Let                be a continuous and strictly monotonic 
function. We say that    is concave-       if            is 
concave.

F : R ! R
<latexit sha1_base64="aaakuEKMdSIce+kT1HmC5WSb7Ok=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSlIFxVVREJdV7AOaUCbTSTt0MhNmJkoJ/QE3/oobF4q4de/Ov3HSZlFbD1w4nHMv994TxIwq7Tg/1sLi0vLKamGtuL6xubVt7+w2lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBVeY3H4hUVPB7PYyJH6EepyHFSBupYx9eX3gR0v0gSO9G0JO019dISvEIp+SOXXLKzhhwnrg5KYEctY797XUFTiLCNWZIqbbrxNpPkdQUMzIqeokiMcID1CNtQzmKiPLT8TcjeGSULgyFNMU1HKvTEymKlBpGgenMTlSzXib+57UTHZ77KeVxognHk0VhwqAWMIsGdqkkWLOhIQhLam6FuI8kwtoEWDQhuLMvz5NGpeyelCu3p6XqZR5HAeyDA3AMXHAGquAG1EAdYPAEXsAbeLeerVfrw/qctC5Y+cwe+APr6xdlTpvE</latexit>

G : R ! R
<latexit sha1_base64="i1+EHd5+HYPuG3XlH4Jbb7U+B/4=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKilIIKYKBhgLog+piSrHdVqrjh3ZDqiK+gMs/AoLAwixsrPxNzhthtJypCsdnXOv7r0niBlV2nF+rIXFpeWV1cJacX1jc2vb3tltKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaDq8xvPhCpqOD3ehgTP0I9TkOKkTZSxz68vvAipPtBkN6NoCdpr6+RlOIRTskdu+SUnTHgPHFzUgI5ah372+sKnESEa8yQUm3XibWfIqkpZmRU9BJFYoQHqEfahnIUEeWn429G8MgoXRgKaYprOFanJ1IUKTWMAtOZnahmvUz8z2snOjz3U8rjRBOOJ4vChEEtYBYN7FJJsGZDQxCW1NwKcR9JhLUJsGhCcGdfnieNStk9KVduT0vVyzyOAtgHB+AYuOAMVMENqIE6wOAJvIA38G49W6/Wh/U5aV2w8pk98AfW1y9m9ZvF</latexit>

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit> G�1

<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit> F �G�1
<latexit sha1_base64="fGuEGgLuIvxiu4ywx2nWlAzAmA0=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4sexWQY9FQT1WsB/QriWbZtvQbLIm2UJZ+ju8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXE/8xpAqzaR4MKOY+hHuCRYygo2V/Js2YYqg28f01Bt3CkW35E6BFomXkSJkqHYKX+2uJElEhSEca93y3Nj4KVaGEU7H+XaiaYzJAPdoy1KBI6r9dHr0GB1bpYtCqWwJg6bq74kUR1qPosB2Rtj09bw3Ef/zWokJL/2UiTgxVJDZojDhyEg0SQB1maLE8JElmChmb0WkjxUmxuaUtyF48y8vknq55J2VyvfnxcpVFkcODuEITsCDC6jAHVShBgSe4Ble4c0ZOi/Ou/Mxa11yspkD+APn8wemcpFe</latexit>

16

Concave-     functionsG�1
<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit>



Transporting Concavity

Propagation of generalized concavity

Inverse transconcavity

The G-decreasing property

The propagation lemma

Concave-     functions

For                :f : C ! R
<latexit sha1_base64="+ICH6dwqDzE6E+B1PIXJrTb7Nho=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoLgqduOyin1AE8pkOmmHTmbCzEQpoeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r0niBlV2nG+rcLS8srqWnG9tLG5tb1j7+61lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtINRPfPb90QqKvidHsfEj9CA05BipI3Usw/Cyzr0JB0MNZJSPEAvQnoYBOntpGeXnYozBVwkbk7KIEejZ395fYGTiHCNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNdQjiKi/HT6wwQeG6UPQyFNcQ2n6u+JFEVKjaPAdGYXqnkvE//zuokOL/yU8jjRhOPZojBhUAuYBQL7VBKs2dgQhCU1t0I8RBJhbWIrmRDc+ZcXSatacU8r1Zuzcu0qj6MIDsEROAEuOAc1cA0aoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Aa7xl48=</latexit>

⇢
f is G1-concave
G�1 is G2-concave

<latexit sha1_base64="sQXpp4zDQ2Itnv1f+OHGX2TZkeM="></latexit>

=) f is G2-concave
<latexit sha1_base64="DpatnZ/KAXIurmxzjvAwo9QDA40=">AAACE3icbVBNS8NAEN3U7/pV9ehlsQgiWJIq6LHoQY8KtgpNKJvtRJduNmF3Uiyh/8GLf8WLB0W8evHmv3Hb5uDXg4U3780wOy9MpTDoup9OaWp6ZnZufqG8uLS8slpZW2+ZJNMcmjyRib4OmQEpFDRRoITrVAOLQwlXYe9k5F/1QRuRqEscpBDE7EaJSHCGVupUdn0R2z1gaER9hDvMqTB0SE879aLe44nirA/DTqXq1twx6F/iFaRKCpx3Kh9+N+FZDAq5ZMa0PTfFIGcaBZcwLPuZgZTxHruBtqWKxWCCfHzTkG5bpUujRNunkI7V7xM5i40ZxKHtjBnemt/eSPzPa2cYHQW5UGmGoPhkUZRJigkdBUS7QgNHObCEcS3sXym/ZZpxtDGWbQje75P/kla95u3X6hcH1cZxEcc82SRbZId45JA0yBk5J03CyT15JM/kxXlwnpxX523SWnKKmQ3yA877Fy1jnbo=</latexit>

Definition Let               be a non-decreasing function. 
Let                be a continuous and strictly monotonic 
function. We say that    is concave-       if            is 
concave.

F : R ! R
<latexit sha1_base64="aaakuEKMdSIce+kT1HmC5WSb7Ok=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSlIFxVVREJdV7AOaUCbTSTt0MhNmJkoJ/QE3/oobF4q4de/Ov3HSZlFbD1w4nHMv994TxIwq7Tg/1sLi0vLKamGtuL6xubVt7+w2lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBVeY3H4hUVPB7PYyJH6EepyHFSBupYx9eX3gR0v0gSO9G0JO019dISvEIp+SOXXLKzhhwnrg5KYEctY797XUFTiLCNWZIqbbrxNpPkdQUMzIqeokiMcID1CNtQzmKiPLT8TcjeGSULgyFNMU1HKvTEymKlBpGgenMTlSzXib+57UTHZ77KeVxognHk0VhwqAWMIsGdqkkWLOhIQhLam6FuI8kwtoEWDQhuLMvz5NGpeyelCu3p6XqZR5HAeyDA3AMXHAGquAG1EAdYPAEXsAbeLeerVfrw/qctC5Y+cwe+APr6xdlTpvE</latexit>

G : R ! R
<latexit sha1_base64="i1+EHd5+HYPuG3XlH4Jbb7U+B/4=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKilIIKYKBhgLog+piSrHdVqrjh3ZDqiK+gMs/AoLAwixsrPxNzhthtJypCsdnXOv7r0niBlV2nF+rIXFpeWV1cJacX1jc2vb3tltKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaDq8xvPhCpqOD3ehgTP0I9TkOKkTZSxz68vvAipPtBkN6NoCdpr6+RlOIRTskdu+SUnTHgPHFzUgI5ah372+sKnESEa8yQUm3XibWfIqkpZmRU9BJFYoQHqEfahnIUEeWn429G8MgoXRgKaYprOFanJ1IUKTWMAtOZnahmvUz8z2snOjz3U8rjRBOOJ4vChEEtYBYN7FJJsGZDQxCW1NwKcR9JhLUJsGhCcGdfnieNStk9KVduT0vVyzyOAtgHB+AYuOAMVMENqIE6wOAJvIA38G49W6/Wh/U5aV2w8pk98AfW1y9m9ZvF</latexit>

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit> G�1

<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit> F �G�1
<latexit sha1_base64="fGuEGgLuIvxiu4ywx2nWlAzAmA0=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4sexWQY9FQT1WsB/QriWbZtvQbLIm2UJZ+ju8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXE/8xpAqzaR4MKOY+hHuCRYygo2V/Js2YYqg28f01Bt3CkW35E6BFomXkSJkqHYKX+2uJElEhSEca93y3Nj4KVaGEU7H+XaiaYzJAPdoy1KBI6r9dHr0GB1bpYtCqWwJg6bq74kUR1qPosB2Rtj09bw3Ef/zWokJL/2UiTgxVJDZojDhyEg0SQB1maLE8JElmChmb0WkjxUmxuaUtyF48y8vknq55J2VyvfnxcpVFkcODuEITsCDC6jAHVShBgSe4Ble4c0ZOi/Ou/Mxa11yspkD+APn8wemcpFe</latexit>

A mapping f is said to be G-decreasing if there exists              ,      
and strictly monotonic and     such that:

G : R ! R
<latexit sha1_base64="i1+EHd5+HYPuG3XlH4Jbb7U+B/4=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKilIIKYKBhgLog+piSrHdVqrjh3ZDqiK+gMs/AoLAwixsrPxNzhthtJypCsdnXOv7r0niBlV2nF+rIXFpeWV1cJacX1jc2vb3tltKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaDq8xvPhCpqOD3ehgTP0I9TkOKkTZSxz68vvAipPtBkN6NoCdpr6+RlOIRTskdu+SUnTHgPHFzUgI5ah372+sKnESEa8yQUm3XibWfIqkpZmRU9BJFYoQHqEfahnIUEeWn429G8MgoXRgKaYprOFanJ1IUKTWMAtOZnahmvUz8z2snOjz3U8rjRBOOJ4vChEEtYBYN7FJJsGZDQxCW1NwKcR9JhLUJsGhCcGdfnieNStk9KVduT0vVyzyOAtgHB+AYuOAMVMENqIE6wOAJvIA38G49W6/Wh/U5aV2w8pk98AfW1y9m9ZvF</latexit>

C1
<latexit sha1_base64="iYL+TAsGaq0ZpfBjvtjOI6YxdI4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLYjcsK9gHtWDJppg3NJGOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYs60cd1vZ219Y3Nru7BT3N3bPzgsHR23tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoNxPfPbE6o0k+LBTGPqR3goWMgINlbyexE2I4J5Wp89ev1S2a24c6BV4uWkDDka/dJXbyBJElFhCMdadz03Nn6KlWGE01mxl2gaYzLGQ9q1VOCIaj+dh56hc6sMUCiVfcKgufp7I8WR1tMosJNZSL3sZeJ/Xjcx4Y2fMhEnhgqyOBQmHBmJsgbQgClKDJ9agoliNisiI6wwMbanoi3BW/7yKmlVK95lpXp/Va7d5nUU4BTO4AI8uIYa3EEDmkDgCZ7hFd6cifPivDsfi9E1J985gT9wPn8AoKOSAA==</latexit>

t?G
<latexit sha1_base64="wvuJF2btkuHQ/ihzugaBrdvO/4o=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix60GMF+wFtLJvtpl262Q27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoZuq3npg2XMkHHCcsiMlA8ohTglbqYC+7nTx2DRLdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbyxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7/d/tc80oirElhGpub3XpkGhC0aZUtCH4iy8vk2a14p9XqvcX5dp1HkcBjuEEzsCHS6jBHdShARQUPMMrvDnovDjvzse8dcXJZ47gD5zPH5T3kXI=</latexit>

(
G0(t) 6= 0 , 8t � t?G
r(t) := f(t)

G0(t) is
<latexit sha1_base64="lvDyAFMSgAJYCvLmk0iZ+PA/AD4="></latexit>

����
decreasing if G is increasing
increasing if G is decreasing

<latexit sha1_base64="mYXLoKGxQPkW9OYt3EOBO4hIwB4="></latexit>

16

G�1
<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit>



Transporting Concavity

Propagation of generalized concavity

Inverse transconcavity

The G-decreasing property

The propagation lemma

For                :f : C ! R
<latexit sha1_base64="+ICH6dwqDzE6E+B1PIXJrTb7Nho=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoLgqduOyin1AE8pkOmmHTmbCzEQpoeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r0niBlV2nG+rcLS8srqWnG9tLG5tb1j7+61lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtINRPfPb90QqKvidHsfEj9CA05BipI3Usw/Cyzr0JB0MNZJSPEAvQnoYBOntpGeXnYozBVwkbk7KIEejZ395fYGTiHCNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNdQjiKi/HT6wwQeG6UPQyFNcQ2n6u+JFEVKjaPAdGYXqnkvE//zuokOL/yU8jjRhOPZojBhUAuYBQL7VBKs2dgQhCU1t0I8RBJhbWIrmRDc+ZcXSatacU8r1Zuzcu0qj6MIDsEROAEuOAc1cA0aoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Aa7xl48=</latexit>

⇢
f is G1-concave
G�1 is G2-concave

<latexit sha1_base64="sQXpp4zDQ2Itnv1f+OHGX2TZkeM="></latexit>

=) f is G2-concave
<latexit sha1_base64="DpatnZ/KAXIurmxzjvAwo9QDA40=">AAACE3icbVBNS8NAEN3U7/pV9ehlsQgiWJIq6LHoQY8KtgpNKJvtRJduNmF3Uiyh/8GLf8WLB0W8evHmv3Hb5uDXg4U3780wOy9MpTDoup9OaWp6ZnZufqG8uLS8slpZW2+ZJNMcmjyRib4OmQEpFDRRoITrVAOLQwlXYe9k5F/1QRuRqEscpBDE7EaJSHCGVupUdn0R2z1gaER9hDvMqTB0SE879aLe44nirA/DTqXq1twx6F/iFaRKCpx3Kh9+N+FZDAq5ZMa0PTfFIGcaBZcwLPuZgZTxHruBtqWKxWCCfHzTkG5bpUujRNunkI7V7xM5i40ZxKHtjBnemt/eSPzPa2cYHQW5UGmGoPhkUZRJigkdBUS7QgNHObCEcS3sXym/ZZpxtDGWbQje75P/kla95u3X6hcH1cZxEcc82SRbZId45JA0yBk5J03CyT15JM/kxXlwnpxX523SWnKKmQ3yA877Fy1jnbo=</latexit>

Definition Let               be a non-decreasing function. 
Let                be a continuous and strictly monotonic 
function. We say that    is concave-       if            is 
concave.

F : R ! R
<latexit sha1_base64="aaakuEKMdSIce+kT1HmC5WSb7Ok=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSlIFxVVREJdV7AOaUCbTSTt0MhNmJkoJ/QE3/oobF4q4de/Ov3HSZlFbD1w4nHMv994TxIwq7Tg/1sLi0vLKamGtuL6xubVt7+w2lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBVeY3H4hUVPB7PYyJH6EepyHFSBupYx9eX3gR0v0gSO9G0JO019dISvEIp+SOXXLKzhhwnrg5KYEctY797XUFTiLCNWZIqbbrxNpPkdQUMzIqeokiMcID1CNtQzmKiPLT8TcjeGSULgyFNMU1HKvTEymKlBpGgenMTlSzXib+57UTHZ77KeVxognHk0VhwqAWMIsGdqkkWLOhIQhLam6FuI8kwtoEWDQhuLMvz5NGpeyelCu3p6XqZR5HAeyDA3AMXHAGquAG1EAdYPAEXsAbeLeerVfrw/qctC5Y+cwe+APr6xdlTpvE</latexit>

G : R ! R
<latexit sha1_base64="i1+EHd5+HYPuG3XlH4Jbb7U+B/4=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKilIIKYKBhgLog+piSrHdVqrjh3ZDqiK+gMs/AoLAwixsrPxNzhthtJypCsdnXOv7r0niBlV2nF+rIXFpeWV1cJacX1jc2vb3tltKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaDq8xvPhCpqOD3ehgTP0I9TkOKkTZSxz68vvAipPtBkN6NoCdpr6+RlOIRTskdu+SUnTHgPHFzUgI5ah372+sKnESEa8yQUm3XibWfIqkpZmRU9BJFYoQHqEfahnIUEeWn429G8MgoXRgKaYprOFanJ1IUKTWMAtOZnahmvUz8z2snOjz3U8rjRBOOJ4vChEEtYBYN7FJJsGZDQxCW1NwKcR9JhLUJsGhCcGdfnieNStk9KVduT0vVyzyOAtgHB+AYuOAMVMENqIE6wOAJvIA38G49W6/Wh/U5aV2w8pk98AfW1y9m9ZvF</latexit>

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit> G�1

<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit> F �G�1
<latexit sha1_base64="fGuEGgLuIvxiu4ywx2nWlAzAmA0=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4sexWQY9FQT1WsB/QriWbZtvQbLIm2UJZ+ju8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXE/8xpAqzaR4MKOY+hHuCRYygo2V/Js2YYqg28f01Bt3CkW35E6BFomXkSJkqHYKX+2uJElEhSEca93y3Nj4KVaGEU7H+XaiaYzJAPdoy1KBI6r9dHr0GB1bpYtCqWwJg6bq74kUR1qPosB2Rtj09bw3Ef/zWokJL/2UiTgxVJDZojDhyEg0SQB1maLE8JElmChmb0WkjxUmxuaUtyF48y8vknq55J2VyvfnxcpVFkcODuEITsCDC6jAHVShBgSe4Ble4c0ZOi/Ou/Mxa11yspkD+APn8wemcpFe</latexit>

Equivalence with inverse transconcavity
For a c.d.f. F with associated continuously differentiable density 
function f, we have the equivalence between:

f is G-decreasing
<latexit sha1_base64="zMbI0i+zKDoyGWloyKgxRPKk9S0=">AAACCnicbVC7TgMxEPTxDOEVoKQxREg0RHcBCcoICiiDRB5SEkU+Zy+x4vOd7D1EdEpNw6/QUIAQLV9Ax9/gPApIGMnSeGZ37R0/lsKg6347C4tLyyurmbXs+sbm1nZuZ7dqokRzqPBIRrruMwNSKKigQAn1WAMLfQk1v3818mv3oI2I1B0OYmiFrKtEIDhDK7VzBwFtIjxgSoWhQ3o9uZx0gNspRqjusJ3LuwV3DDpPvCnJkynK7dxXsxPxJASFXDJjGp4bYytlGgWXMMw2EwMx433WhYalioVgWul4lSE9skqHBpG2RyEdq787UhYaMwh9Wxky7JlZbyT+5zUSDC5aqVBxgqD45KEgkRQjOsqFdoQGjnJgCeNa2L9S3mOacbTpZW0I3uzK86RaLHinheLtWb50OY0jQ/bJITkmHjknJXJDyqRCOHkkz+SVvDlPzovz7nxMShecac8e+QPn8wf6ipp2</latexit>

F is concave-G�1
<latexit sha1_base64="9dQRNH+eT5IgqIvPuQCSm5n/Zt8=">AAACBHicbVA9SwNBEN3zM8avqGWaxSDYGO6ioKUoqGUE8wFJDHubSbJkb+/YnRPDkcLGv2JjoYitP8LOf+MmuUKNDwYe780wM8+PpDDoul/O3PzC4tJyZiW7ura+sZnb2q6aMNYcKjyUoa77zIAUCiooUEI90sACX0LNH5yP/dodaCNCdYPDCFoB6ynRFZyhldq5/AVtItxjQoWhPFSc3cHB6PI2OfBG7VzBLboT0FnipaRAUpTbuc9mJ+RxAAq5ZMY0PDfCVsI0Ci5hlG3GBiLGB6wHDUsVC8C0kskTI7pnlQ7thtqWQjpRf04kLDBmGPi2M2DYN3+9sfif14ixe9JKhIpiBMWni7qxpBjScSK0IzRwlENLGNfC3kp5n2nG0eaWtSF4f1+eJdVS0Tsslq6PCqdnaRwZkie7ZJ945JickitSJhXCyQN5Ii/k1Xl0np03533aOuekMzvkF5yPb4P9l18=</latexit>,

<latexit sha1_base64="ItuChGlaAk55B+WcrAzIXCmXz+k=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtxFQcugjYVFBPMByRH2NnvJkr3dY3dOiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWEiuAHP+3ZWVtfWNzYLW8Xtnd29krt/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC0fXUbz0wbbiS9zBOWBCTgeQRpwSs1HNL3VsWgeaDIRCt1WPPLXsVbwa8TPyclFGOes/96vYVTWMmgQpiTMf3EggyooFTwSbFbmpYQuiIDFjHUkliZoJsdvgEn1iljyOlbUnAM/X3REZiY8ZxaDtjAkOz6E3F/7xOCtFlkHGZpMAknS+KUoFB4WkKuM81oyDGlhCqub0V0yHRhILNqmhD8BdfXibNasU/q1Tvzsu1qzyOAjpCx+gU+egC1dANqqMGoihFz+gVvTlPzovz7nzMW1ecfOYQ/YHz+QM5hJN1</latexit>
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Concave-     functionsG�1
<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit>

A mapping f is said to be G-decreasing if there exists              ,      
and strictly monotonic and     such that:t?G

<latexit sha1_base64="wvuJF2btkuHQ/ihzugaBrdvO/4o=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix60GMF+wFtLJvtpl262Q27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoZuq3npg2XMkHHCcsiMlA8ohTglbqYC+7nTx2DRLdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbyxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7/d/tc80oirElhGpub3XpkGhC0aZUtCH4iy8vk2a14p9XqvcX5dp1HkcBjuEEzsCHS6jBHdShARQUPMMrvDnovDjvzse8dcXJZ47gD5zPH5T3kXI=</latexit>

(
G0(t) 6= 0 , 8t � t?G
r(t) := f(t)

G0(t) is
<latexit sha1_base64="lvDyAFMSgAJYCvLmk0iZ+PA/AD4="></latexit>

����
decreasing if G is increasing
increasing if G is decreasing

<latexit sha1_base64="mYXLoKGxQPkW9OYt3EOBO4hIwB4="></latexit>

G : R ! R
<latexit sha1_base64="i1+EHd5+HYPuG3XlH4Jbb7U+B/4=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKilIIKYKBhgLog+piSrHdVqrjh3ZDqiK+gMs/AoLAwixsrPxNzhthtJypCsdnXOv7r0niBlV2nF+rIXFpeWV1cJacX1jc2vb3tltKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaDq8xvPhCpqOD3ehgTP0I9TkOKkTZSxz68vvAipPtBkN6NoCdpr6+RlOIRTskdu+SUnTHgPHFzUgI5ah372+sKnESEa8yQUm3XibWfIqkpZmRU9BJFYoQHqEfahnIUEeWn429G8MgoXRgKaYprOFanJ1IUKTWMAtOZnahmvUz8z2snOjz3U8rjRBOOJ4vChEEtYBYN7FJJsGZDQxCW1NwKcR9JhLUJsGhCcGdfnieNStk9KVduT0vVyzyOAtgHB+AYuOAMVMENqIE6wOAJvIA38G49W6/Wh/U5aV2w8pk98AfW1y9m9ZvF</latexit>

C1
<latexit sha1_base64="iYL+TAsGaq0ZpfBjvtjOI6YxdI4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLYjcsK9gHtWDJppg3NJGOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYs60cd1vZ219Y3Nru7BT3N3bPzgsHR23tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoNxPfPbE6o0k+LBTGPqR3goWMgINlbyexE2I4J5Wp89ev1S2a24c6BV4uWkDDka/dJXbyBJElFhCMdadz03Nn6KlWGE01mxl2gaYzLGQ9q1VOCIaj+dh56hc6sMUCiVfcKgufp7I8WR1tMosJNZSL3sZeJ/Xjcx4Y2fMhEnhgqyOBQmHBmJsgbQgClKDJ9agoliNisiI6wwMbanoi3BW/7yKmlVK95lpXp/Va7d5nUU4BTO4AI8uIYa3EEDmkDgCZ7hFd6cifPivDsfi9E1J985gT9wPn8AoKOSAA==</latexit>



Transporting Concavity

Propagation of generalized concavity

Inverse transconcavity

The G-decreasing property

The propagation lemma

For                :f : C ! R
<latexit sha1_base64="+ICH6dwqDzE6E+B1PIXJrTb7Nho=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoLgqduOyin1AE8pkOmmHTmbCzEQpoeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r0niBlV2nG+rcLS8srqWnG9tLG5tb1j7+61lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtINRPfPb90QqKvidHsfEj9CA05BipI3Usw/Cyzr0JB0MNZJSPEAvQnoYBOntpGeXnYozBVwkbk7KIEejZ395fYGTiHCNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNdQjiKi/HT6wwQeG6UPQyFNcQ2n6u+JFEVKjaPAdGYXqnkvE//zuokOL/yU8jjRhOPZojBhUAuYBQL7VBKs2dgQhCU1t0I8RBJhbWIrmRDc+ZcXSatacU8r1Zuzcu0qj6MIDsEROAEuOAc1cA0aoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Aa7xl48=</latexit>

⇢
f is G1-concave
G�1 is G2-concave

<latexit sha1_base64="sQXpp4zDQ2Itnv1f+OHGX2TZkeM="></latexit>

=) f is G2-concave
<latexit sha1_base64="DpatnZ/KAXIurmxzjvAwo9QDA40=">AAACE3icbVBNS8NAEN3U7/pV9ehlsQgiWJIq6LHoQY8KtgpNKJvtRJduNmF3Uiyh/8GLf8WLB0W8evHmv3Hb5uDXg4U3780wOy9MpTDoup9OaWp6ZnZufqG8uLS8slpZW2+ZJNMcmjyRib4OmQEpFDRRoITrVAOLQwlXYe9k5F/1QRuRqEscpBDE7EaJSHCGVupUdn0R2z1gaER9hDvMqTB0SE879aLe44nirA/DTqXq1twx6F/iFaRKCpx3Kh9+N+FZDAq5ZMa0PTfFIGcaBZcwLPuZgZTxHruBtqWKxWCCfHzTkG5bpUujRNunkI7V7xM5i40ZxKHtjBnemt/eSPzPa2cYHQW5UGmGoPhkUZRJigkdBUS7QgNHObCEcS3sXym/ZZpxtDGWbQje75P/kla95u3X6hcH1cZxEcc82SRbZId45JA0yBk5J03CyT15JM/kxXlwnpxX523SWnKKmQ3yA877Fy1jnbo=</latexit>

Definition Let               be a non-decreasing function. 
Let                be a continuous and strictly monotonic 
function. We say that    is concave-       if            is 
concave.

F : R ! R
<latexit sha1_base64="aaakuEKMdSIce+kT1HmC5WSb7Ok=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSlIFxVVREJdV7AOaUCbTSTt0MhNmJkoJ/QE3/oobF4q4de/Ov3HSZlFbD1w4nHMv994TxIwq7Tg/1sLi0vLKamGtuL6xubVt7+w2lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBVeY3H4hUVPB7PYyJH6EepyHFSBupYx9eX3gR0v0gSO9G0JO019dISvEIp+SOXXLKzhhwnrg5KYEctY797XUFTiLCNWZIqbbrxNpPkdQUMzIqeokiMcID1CNtQzmKiPLT8TcjeGSULgyFNMU1HKvTEymKlBpGgenMTlSzXib+57UTHZ77KeVxognHk0VhwqAWMIsGdqkkWLOhIQhLam6FuI8kwtoEWDQhuLMvz5NGpeyelCu3p6XqZR5HAeyDA3AMXHAGquAG1EAdYPAEXsAbeLeerVfrw/qctC5Y+cwe+APr6xdlTpvE</latexit>

G : R ! R
<latexit sha1_base64="i1+EHd5+HYPuG3XlH4Jbb7U+B/4=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKilIIKYKBhgLog+piSrHdVqrjh3ZDqiK+gMs/AoLAwixsrPxNzhthtJypCsdnXOv7r0niBlV2nF+rIXFpeWV1cJacX1jc2vb3tltKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaDq8xvPhCpqOD3ehgTP0I9TkOKkTZSxz68vvAipPtBkN6NoCdpr6+RlOIRTskdu+SUnTHgPHFzUgI5ah372+sKnESEa8yQUm3XibWfIqkpZmRU9BJFYoQHqEfahnIUEeWn429G8MgoXRgKaYprOFanJ1IUKTWMAtOZnahmvUz8z2snOjz3U8rjRBOOJ4vChEEtYBYN7FJJsGZDQxCW1NwKcR9JhLUJsGhCcGdfnieNStk9KVduT0vVyzyOAtgHB+AYuOAMVMENqIE6wOAJvIA38G49W6/Wh/U5aV2w8pk98AfW1y9m9ZvF</latexit>

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit> G�1

<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit> F �G�1
<latexit sha1_base64="fGuEGgLuIvxiu4ywx2nWlAzAmA0=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4sexWQY9FQT1WsB/QriWbZtvQbLIm2UJZ+ju8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXE/8xpAqzaR4MKOY+hHuCRYygo2V/Js2YYqg28f01Bt3CkW35E6BFomXkSJkqHYKX+2uJElEhSEca93y3Nj4KVaGEU7H+XaiaYzJAPdoy1KBI6r9dHr0GB1bpYtCqWwJg6bq74kUR1qPosB2Rtj09bw3Ef/zWokJL/2UiTgxVJDZojDhyEg0SQB1maLE8JElmChmb0WkjxUmxuaUtyF48y8vknq55J2VyvfnxcpVFkcODuEITsCDC6jAHVShBgSe4Ble4c0ZOi/Ou/Mxa11yspkD+APn8wemcpFe</latexit>

Application with the      family.

Equivalence with inverse transconcavity
For a c.d.f. F with associated continuously differentiable density 
function f, we have the equivalence between:

A good number of distributions have proven to be concave-G-1 
including:

f is G-decreasing
<latexit sha1_base64="zMbI0i+zKDoyGWloyKgxRPKk9S0=">AAACCnicbVC7TgMxEPTxDOEVoKQxREg0RHcBCcoICiiDRB5SEkU+Zy+x4vOd7D1EdEpNw6/QUIAQLV9Ax9/gPApIGMnSeGZ37R0/lsKg6347C4tLyyurmbXs+sbm1nZuZ7dqokRzqPBIRrruMwNSKKigQAn1WAMLfQk1v3818mv3oI2I1B0OYmiFrKtEIDhDK7VzBwFtIjxgSoWhQ3o9uZx0gNspRqjusJ3LuwV3DDpPvCnJkynK7dxXsxPxJASFXDJjGp4bYytlGgWXMMw2EwMx433WhYalioVgWul4lSE9skqHBpG2RyEdq787UhYaMwh9Wxky7JlZbyT+5zUSDC5aqVBxgqD45KEgkRQjOsqFdoQGjnJgCeNa2L9S3mOacbTpZW0I3uzK86RaLHinheLtWb50OY0jQ/bJITkmHjknJXJDyqRCOHkkz+SVvDlPzovz7nxMShecac8e+QPn8wf6ipp2</latexit>

F is concave-G�1
<latexit sha1_base64="9dQRNH+eT5IgqIvPuQCSm5n/Zt8=">AAACBHicbVA9SwNBEN3zM8avqGWaxSDYGO6ioKUoqGUE8wFJDHubSbJkb+/YnRPDkcLGv2JjoYitP8LOf+MmuUKNDwYe780wM8+PpDDoul/O3PzC4tJyZiW7ura+sZnb2q6aMNYcKjyUoa77zIAUCiooUEI90sACX0LNH5yP/dodaCNCdYPDCFoB6ynRFZyhldq5/AVtItxjQoWhPFSc3cHB6PI2OfBG7VzBLboT0FnipaRAUpTbuc9mJ+RxAAq5ZMY0PDfCVsI0Ci5hlG3GBiLGB6wHDUsVC8C0kskTI7pnlQ7thtqWQjpRf04kLDBmGPi2M2DYN3+9sfif14ixe9JKhIpiBMWni7qxpBjScSK0IzRwlENLGNfC3kp5n2nG0eaWtSF4f1+eJdVS0Tsslq6PCqdnaRwZkie7ZJ945JickitSJhXCyQN5Ii/k1Xl0np03533aOuekMzvkF5yPb4P9l18=</latexit>,

<latexit sha1_base64="ItuChGlaAk55B+WcrAzIXCmXz+k=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtxFQcugjYVFBPMByRH2NnvJkr3dY3dOiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWEiuAHP+3ZWVtfWNzYLW8Xtnd29krt/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC0fXUbz0wbbiS9zBOWBCTgeQRpwSs1HNL3VsWgeaDIRCt1WPPLXsVbwa8TPyclFGOes/96vYVTWMmgQpiTMf3EggyooFTwSbFbmpYQuiIDFjHUkliZoJsdvgEn1iljyOlbUnAM/X3REZiY8ZxaDtjAkOz6E3F/7xOCtFlkHGZpMAknS+KUoFB4WkKuM81oyDGlhCqub0V0yHRhILNqmhD8BdfXibNasU/q1Tvzsu1qzyOAjpCx+gU+egC1dANqqMGoihFz+gVvTlPzovz7nzMW1ecfOYQ/YHz+QM5hJN1</latexit>

G↵
<latexit sha1_base64="Ww5fgWtmVZtSrMBHqOlxkT30WI8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9gPaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWP5YMYJ8yMcSB5yisZK7dteF0UyxF6p7FbcGcgy8XJShhz1Xumr249pGjFpqECtO56bGD9DZTgVbFLsppolSEc4YB1LJUZM+9ns3gk5tUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/8jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERFW0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAd1aAAFAc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1n+P1g==</latexit>

Gaussian

Chi

Chi-squared

Fisher-Snedecor

Exponential

Gamma

Log-Normal

Maxwell
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Concave-     functionsG�1
<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit>

A mapping f is said to be G-decreasing if there exists              ,      
and strictly monotonic and     such that:t?G

<latexit sha1_base64="wvuJF2btkuHQ/ihzugaBrdvO/4o=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix60GMF+wFtLJvtpl262Q27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoZuq3npg2XMkHHCcsiMlA8ohTglbqYC+7nTx2DRLdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbyxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7/d/tc80oirElhGpub3XpkGhC0aZUtCH4iy8vk2a14p9XqvcX5dp1HkcBjuEEzsCHS6jBHdShARQUPMMrvDnovDjvzse8dcXJZ47gD5zPH5T3kXI=</latexit>

(
G0(t) 6= 0 , 8t � t?G
r(t) := f(t)

G0(t) is
<latexit sha1_base64="lvDyAFMSgAJYCvLmk0iZ+PA/AD4="></latexit>

����
decreasing if G is increasing
increasing if G is decreasing

<latexit sha1_base64="mYXLoKGxQPkW9OYt3EOBO4hIwB4="></latexit>

G : R ! R
<latexit sha1_base64="i1+EHd5+HYPuG3XlH4Jbb7U+B/4=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKilIIKYKBhgLog+piSrHdVqrjh3ZDqiK+gMs/AoLAwixsrPxNzhthtJypCsdnXOv7r0niBlV2nF+rIXFpeWV1cJacX1jc2vb3tltKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaDq8xvPhCpqOD3ehgTP0I9TkOKkTZSxz68vvAipPtBkN6NoCdpr6+RlOIRTskdu+SUnTHgPHFzUgI5ah372+sKnESEa8yQUm3XibWfIqkpZmRU9BJFYoQHqEfahnIUEeWn429G8MgoXRgKaYprOFanJ1IUKTWMAtOZnahmvUz8z2snOjz3U8rjRBOOJ4vChEEtYBYN7FJJsGZDQxCW1NwKcR9JhLUJsGhCcGdfnieNStk9KVduT0vVyzyOAtgHB+AYuOAMVMENqIE6wOAJvIA38G49W6/Wh/U5aV2w8pk98AfW1y9m9ZvF</latexit>

C1
<latexit sha1_base64="iYL+TAsGaq0ZpfBjvtjOI6YxdI4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLYjcsK9gHtWDJppg3NJGOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYs60cd1vZ219Y3Nru7BT3N3bPzgsHR23tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoNxPfPbE6o0k+LBTGPqR3goWMgINlbyexE2I4J5Wp89ev1S2a24c6BV4uWkDDka/dJXbyBJElFhCMdadz03Nn6KlWGE01mxl2gaYzLGQ9q1VOCIaj+dh56hc6sMUCiVfcKgufp7I8WR1tMosJNZSL3sZeJ/Xjcx4Y2fMhEnhgqyOBQmHBmJsgbQgClKDJ9agoliNisiI6wwMbanoi3BW/7yKmlVK95lpXp/Va7d5nUU4BTO4AI8uIYa3EEDmkDgCZ7hFd6cifPivDsfi9E1J985gT9wPn8AoKOSAA==</latexit>



Leveraging Structure in a class of Chance constraints 

Separable probabilistic constraints
Consider a separable constraint of the form:

P[⇠  h(x)] � p
<latexit sha1_base64="GT3h0VvE3RvIRTtojgBPQp+QPfw=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQYhN2o6Bl0MYygrnA7hJmJyfJkNmLM7OSsKS18VVsLBSx9Q3sfBtnky008YeBj/+cw5zz+zFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQaFJIx6Jjk8kcBZCUzHFoRMLIIHPoe2PrrN6+wGEZFF4pyYxeAEZhKzPKFHa6prYDYga+n7amDrumGGXwz0eVsanHnYHGuOuWbaq1kx4GewcyihXo2t+ub2IJgGEinIipWNbsfJSIhSjHKYlN5EQEzoiA3A0hiQA6aWzS6b4RDs93I+EfqHCM/f3REoCKSeBrzuzveViLTP/qzmJ6l96KQvjREFI5x/1E45VhLNYcI8JoIpPNBAqmN4V0yERhCodXkmHYC+evAytWtU+q9Zuz8v1qzyOIjpCx6iCbHSB6ugGNVATUfSIntErejOejBfj3fiYtxaMfOYQ/ZHx+QMd3ZlO</latexit>

⇠ : ⌦ ! Rm
<latexit sha1_base64="W4thNOC6YtbxlI68k9hJVgwsfR8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUlBAjFVsLBREH1ITagc10mt2klkO0AV9QdY+BUWBhBiZWfjb3DaDNBypCsdnXOv7r3HixmVyrK+jcLc/MLiUnG5tLK6tr5hbm41ZZQITBo4YpFoe0gSRkPSUFQx0o4FQdxjpOUNzjO/dUeEpFF4o4YxcTkKQupTjJSWuuae80DhqXPJSYCgI2jQV0iI6B46HKm+56XXo1veNctWxRoDzhI7J2WQo941v5xehBNOQoUZkrJjW7FyUyQUxYyMSk4iSYzwAAWko2mIOJFuOv5mBPe10oN+JHSFCo7V3xMp4lIOuac7sxvltJeJ/3mdRPknbkrDOFEkxJNFfsKgimAWDexRQbBiQ00QFlTfCnEfCYSVDrCkQ7CnX54lzWrFPqxUr47KtbM8jiLYAbvgANjgGNTABaiDBsDgETyDV/BmPBkvxrvxMWktGPnMNvgD4/MHSRqbtw==</latexit>

h : Rd ! Rm
<latexit sha1_base64="bpIU7tzzm4GLPGc2Mf+ISzls6Ho=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKilIIKYKFsaC6ENqQuU4TmPViSPbAVVRP4GFX2FhACFWRjb+BqfNUFqOdKWjc+7Vvfd4CaNSWdaPsbC4tLyyWlorr29sbm2bO7styVOBSRNzxkXHQ5IwGpOmooqRTiIIijxG2t7gKvfbD0RIyuM7NUyIG6F+TAOKkdJSzzwKL5wIqdDzstvRvQ8dQfuhQkLwRzhlRD2zYlWtMeA8sQtSAQUaPfPb8TlOIxIrzJCUXdtKlJshoShmZFR2UkkShAeoT7qaxigi0s3GD43goVZ8GHChK1ZwrE5PZCiSchh5ujO/Uc56ufif101VcO5mNE5SRWI8WRSkDCoO83SgTwXBig01QVhQfSvEIRIIK51hWYdgz748T1q1qn1Srd2cVuqXRRwlsA8OwDGwwRmog2vQAE2AwRN4AW/g3Xg2Xo0P43PSumAUM3vgD4yvX2GHnXE=</latexit>
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Leveraging Structure in a class of Chance constraints 

Separable probabilistic constraints

By Sklar’s theorem, we may write:

Consider a separable constraint of the form:

P[⇠  h(x)] � p
<latexit sha1_base64="GT3h0VvE3RvIRTtojgBPQp+QPfw=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQYhN2o6Bl0MYygrnA7hJmJyfJkNmLM7OSsKS18VVsLBSx9Q3sfBtnky008YeBj/+cw5zz+zFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQaFJIx6Jjk8kcBZCUzHFoRMLIIHPoe2PrrN6+wGEZFF4pyYxeAEZhKzPKFHa6prYDYga+n7amDrumGGXwz0eVsanHnYHGuOuWbaq1kx4GewcyihXo2t+ub2IJgGEinIipWNbsfJSIhSjHKYlN5EQEzoiA3A0hiQA6aWzS6b4RDs93I+EfqHCM/f3REoCKSeBrzuzveViLTP/qzmJ6l96KQvjREFI5x/1E45VhLNYcI8JoIpPNBAqmN4V0yERhCodXkmHYC+evAytWtU+q9Zuz8v1qzyOIjpCx6iCbHSB6ugGNVATUfSIntErejOejBfj3fiYtxaMfOYQ/ZHx+QMd3ZlO</latexit>

⇠ : ⌦ ! Rm
<latexit sha1_base64="W4thNOC6YtbxlI68k9hJVgwsfR8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUlBAjFVsLBREH1ITagc10mt2klkO0AV9QdY+BUWBhBiZWfjb3DaDNBypCsdnXOv7r3HixmVyrK+jcLc/MLiUnG5tLK6tr5hbm41ZZQITBo4YpFoe0gSRkPSUFQx0o4FQdxjpOUNzjO/dUeEpFF4o4YxcTkKQupTjJSWuuae80DhqXPJSYCgI2jQV0iI6B46HKm+56XXo1veNctWxRoDzhI7J2WQo941v5xehBNOQoUZkrJjW7FyUyQUxYyMSk4iSYzwAAWko2mIOJFuOv5mBPe10oN+JHSFCo7V3xMp4lIOuac7sxvltJeJ/3mdRPknbkrDOFEkxJNFfsKgimAWDexRQbBiQ00QFlTfCnEfCYSVDrCkQ7CnX54lzWrFPqxUr47KtbM8jiLYAbvgANjgGNTABaiDBsDgETyDV/BmPBkvxrvxMWktGPnMNvgD4/MHSRqbtw==</latexit>

h : Rd ! Rm
<latexit sha1_base64="bpIU7tzzm4GLPGc2Mf+ISzls6Ho=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKilIIKYKFsaC6ENqQuU4TmPViSPbAVVRP4GFX2FhACFWRjb+BqfNUFqOdKWjc+7Vvfd4CaNSWdaPsbC4tLyyWlorr29sbm2bO7styVOBSRNzxkXHQ5IwGpOmooqRTiIIijxG2t7gKvfbD0RIyuM7NUyIG6F+TAOKkdJSzzwKL5wIqdDzstvRvQ8dQfuhQkLwRzhlRD2zYlWtMeA8sQtSAQUaPfPb8TlOIxIrzJCUXdtKlJshoShmZFR2UkkShAeoT7qaxigi0s3GD43goVZ8GHChK1ZwrE5PZCiSchh5ujO/Uc56ufif101VcO5mNE5SRWI8WRSkDCoO83SgTwXBig01QVhQfSvEIRIIK51hWYdgz748T1q1qn1Srd2cVuqXRRwlsA8OwDGwwRmog2vQAE2AwRN4AW/g3Xg2Xo0P43PSumAUM3vgD4yvX2GHnXE=</latexit>

P[⇠  h(x)] = C (F1(h1(x)), . . . , Fm(hm(x)))
<latexit sha1_base64="srKiwRKlWU10X7lnZrAk/PJvAsQ="></latexit>
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Leveraging Structure in a class of Chance constraints 

Separable probabilistic constraints

By Sklar’s theorem, we may write:

Consider a separable constraint of the form:

Concave-      copulae

P[⇠  h(x)] � p
<latexit sha1_base64="GT3h0VvE3RvIRTtojgBPQp+QPfw=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQYhN2o6Bl0MYygrnA7hJmJyfJkNmLM7OSsKS18VVsLBSx9Q3sfBtnky008YeBj/+cw5zz+zFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQaFJIx6Jjk8kcBZCUzHFoRMLIIHPoe2PrrN6+wGEZFF4pyYxeAEZhKzPKFHa6prYDYga+n7amDrumGGXwz0eVsanHnYHGuOuWbaq1kx4GewcyihXo2t+ub2IJgGEinIipWNbsfJSIhSjHKYlN5EQEzoiA3A0hiQA6aWzS6b4RDs93I+EfqHCM/f3REoCKSeBrzuzveViLTP/qzmJ6l96KQvjREFI5x/1E45VhLNYcI8JoIpPNBAqmN4V0yERhCodXkmHYC+evAytWtU+q9Zuz8v1qzyOIjpCx6iCbHSB6ugGNVATUfSIntErejOejBfj3fiYtxaMfOYQ/ZHx+QMd3ZlO</latexit>

⇠ : ⌦ ! Rm
<latexit sha1_base64="W4thNOC6YtbxlI68k9hJVgwsfR8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUlBAjFVsLBREH1ITagc10mt2klkO0AV9QdY+BUWBhBiZWfjb3DaDNBypCsdnXOv7r3HixmVyrK+jcLc/MLiUnG5tLK6tr5hbm41ZZQITBo4YpFoe0gSRkPSUFQx0o4FQdxjpOUNzjO/dUeEpFF4o4YxcTkKQupTjJSWuuae80DhqXPJSYCgI2jQV0iI6B46HKm+56XXo1veNctWxRoDzhI7J2WQo941v5xehBNOQoUZkrJjW7FyUyQUxYyMSk4iSYzwAAWko2mIOJFuOv5mBPe10oN+JHSFCo7V3xMp4lIOuac7sxvltJeJ/3mdRPknbkrDOFEkxJNFfsKgimAWDexRQbBiQ00QFlTfCnEfCYSVDrCkQ7CnX54lzWrFPqxUr47KtbM8jiLYAbvgANjgGNTABaiDBsDgETyDV/BmPBkvxrvxMWktGPnMNvgD4/MHSRqbtw==</latexit>

h : Rd ! Rm
<latexit sha1_base64="bpIU7tzzm4GLPGc2Mf+ISzls6Ho=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKilIIKYKFsaC6ENqQuU4TmPViSPbAVVRP4GFX2FhACFWRjb+BqfNUFqOdKWjc+7Vvfd4CaNSWdaPsbC4tLyyWlorr29sbm2bO7styVOBSRNzxkXHQ5IwGpOmooqRTiIIijxG2t7gKvfbD0RIyuM7NUyIG6F+TAOKkdJSzzwKL5wIqdDzstvRvQ8dQfuhQkLwRzhlRD2zYlWtMeA8sQtSAQUaPfPb8TlOIxIrzJCUXdtKlJshoShmZFR2UkkShAeoT7qaxigi0s3GD43goVZ8GHChK1ZwrE5PZCiSchh5ujO/Uc56ufif101VcO5mNE5SRWI8WRSkDCoO83SgTwXBig01QVhQfSvEIRIIK51hWYdgz748T1q1qn1Srd2cVuqXRRwlsA8OwDGwwRmog2vQAE2AwRN4AW/g3Xg2Xo0P43PSumAUM3vgD4yvX2GHnXE=</latexit>

P[⇠  h(x)] = C (F1(h1(x)), . . . , Fm(hm(x)))
<latexit sha1_base64="srKiwRKlWU10X7lnZrAk/PJvAsQ="></latexit>

G�1
<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit>

For    a given copulae and    such that the     are all continuous 
and strictly monotonic,  is said to be concave-  on 
if:

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

G�1
<latexit sha1_base64="bQdqxw08p410VEdWtJT2LQrZfMk=">AAACGHicdZC7TsMwFIadcivlFmBksaiQGCAkBQRjBQOMRaIXKQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2QYDglyz9+s459vHvRowKaZofWmlufmFxqbxcWVldW9/QN7daIow5Jk0cspB3XCQIowFpSioZ6UScIN9lpO2OLrN6+55wQcPgVo4j4vhoEFCPYiQV6ulHSXd6ic0HrpOYxqmZ6cA0zMLMSHp1lxxaadrTqwWCRRP8IlZOqiBXo6dPuv0Qxz4JJGZICNsyI+kkiEuKGUkr3ViQCOERGhBb2QD5RDjJdKcU7inSh17I1QkknNLvEwnyhRj7rur0kRyK37UM/lWzY+mdOwkNoliSAM8e8mIGZQizlGCfcoIlGyuDMKdqV4iHiCMsVZYVFULxU/i/adUM69io3ZxU6xd5HGWwA3bBPrDAGaiDa9AATYDBA3gCL+BVe9SetTftfdZa0vKZbfBD2uQTsG6bxA==</latexit>

is quasi-concave. 

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

G
<latexit sha1_base64="znlNvdKUuTj8xBn7KQjYldwg35s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A51DjM8=</latexit>

Gi
<latexit sha1_base64="nxi4W6FgBGzZPuXsF3XafWM1jMw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNvjvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindeqd5flGvXeRwFOIYTOAMPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMXOI2r</latexit>

I := ⇧m
i=1Ii

<latexit sha1_base64="0NxyhiRFCX5pLnaqAkbaK0HGOBw=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKilAourG7CvYBbQyT6aQdOjMJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPUHMqNKO822trK6tb2wWtorbO7t7+/ZBqa2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML6Z+p1HIhWNxL2exMTjaChoSDHSRvLtUuOq1m9SP6U1N3vgsOFT3y47FWcGuEzcnJRBjqZvf/UHEU44ERozpFTPdWLtpUhqihnJiv1EkRjhMRqSnqECcaK8dHZ7Bk+MMoBhJE0JDWfq74kUcaUmPDCdHOmRWvSm4n9eL9HhpZdSESeaCDxfFCYM6ghOg4ADKgnWbGIIwpKaWyEeIYmwNnEVTQju4svLpF2tuGeV6t15uX6dx1EAR+AYnAIXXIA6uAVN0AIYPIFn8ArerMx6sd6tj3nripXPHII/sD5/AGbJk2I=</latexit>

z 7! C(G�1
1 (z1), . . . , G

�1
m (zm))

<latexit sha1_base64="HB+EuwHgfn3YhPQdimd/nnGiDlc="></latexit>
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Leveraging Structure in a class of Chance constraints 

Separable probabilistic constraints

By Sklar’s theorem, we may write:

Consider a separable constraint of the form:

The convexity result

Concave-      copulae

P[⇠  h(x)] � p
<latexit sha1_base64="GT3h0VvE3RvIRTtojgBPQp+QPfw=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQYhN2o6Bl0MYygrnA7hJmJyfJkNmLM7OSsKS18VVsLBSx9Q3sfBtnky008YeBj/+cw5zz+zFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQaFJIx6Jjk8kcBZCUzHFoRMLIIHPoe2PrrN6+wGEZFF4pyYxeAEZhKzPKFHa6prYDYga+n7amDrumGGXwz0eVsanHnYHGuOuWbaq1kx4GewcyihXo2t+ub2IJgGEinIipWNbsfJSIhSjHKYlN5EQEzoiA3A0hiQA6aWzS6b4RDs93I+EfqHCM/f3REoCKSeBrzuzveViLTP/qzmJ6l96KQvjREFI5x/1E45VhLNYcI8JoIpPNBAqmN4V0yERhCodXkmHYC+evAytWtU+q9Zuz8v1qzyOIjpCx6iCbHSB6ugGNVATUfSIntErejOejBfj3fiYtxaMfOYQ/ZHx+QMd3ZlO</latexit>

⇠ : ⌦ ! Rm
<latexit sha1_base64="W4thNOC6YtbxlI68k9hJVgwsfR8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUlBAjFVsLBREH1ITagc10mt2klkO0AV9QdY+BUWBhBiZWfjb3DaDNBypCsdnXOv7r3HixmVyrK+jcLc/MLiUnG5tLK6tr5hbm41ZZQITBo4YpFoe0gSRkPSUFQx0o4FQdxjpOUNzjO/dUeEpFF4o4YxcTkKQupTjJSWuuae80DhqXPJSYCgI2jQV0iI6B46HKm+56XXo1veNctWxRoDzhI7J2WQo941v5xehBNOQoUZkrJjW7FyUyQUxYyMSk4iSYzwAAWko2mIOJFuOv5mBPe10oN+JHSFCo7V3xMp4lIOuac7sxvltJeJ/3mdRPknbkrDOFEkxJNFfsKgimAWDexRQbBiQ00QFlTfCnEfCYSVDrCkQ7CnX54lzWrFPqxUr47KtbM8jiLYAbvgANjgGNTABaiDBsDgETyDV/BmPBkvxrvxMWktGPnMNvgD4/MHSRqbtw==</latexit>

h : Rd ! Rm
<latexit sha1_base64="bpIU7tzzm4GLPGc2Mf+ISzls6Ho=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKilIIKYKFsaC6ENqQuU4TmPViSPbAVVRP4GFX2FhACFWRjb+BqfNUFqOdKWjc+7Vvfd4CaNSWdaPsbC4tLyyWlorr29sbm2bO7styVOBSRNzxkXHQ5IwGpOmooqRTiIIijxG2t7gKvfbD0RIyuM7NUyIG6F+TAOKkdJSzzwKL5wIqdDzstvRvQ8dQfuhQkLwRzhlRD2zYlWtMeA8sQtSAQUaPfPb8TlOIxIrzJCUXdtKlJshoShmZFR2UkkShAeoT7qaxigi0s3GD43goVZ8GHChK1ZwrE5PZCiSchh5ujO/Uc56ufif101VcO5mNE5SRWI8WRSkDCoO83SgTwXBig01QVhQfSvEIRIIK51hWYdgz748T1q1qn1Srd2cVuqXRRwlsA8OwDGwwRmog2vQAE2AwRN4AW/g3Xg2Xo0P43PSumAUM3vgD4yvX2GHnXE=</latexit>

P[⇠  h(x)] = C (F1(h1(x)), . . . , Fm(hm(x)))
<latexit sha1_base64="srKiwRKlWU10X7lnZrAk/PJvAsQ="></latexit>

G�1
<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit>

For    a given copulae and    such that the     are all continuous 
and strictly monotonic,  is said to be concave-  on 
if:

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

G�1
<latexit sha1_base64="bQdqxw08p410VEdWtJT2LQrZfMk=">AAACGHicdZC7TsMwFIadcivlFmBksaiQGCAkBQRjBQOMRaIXKQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2QYDglyz9+s459vHvRowKaZofWmlufmFxqbxcWVldW9/QN7daIow5Jk0cspB3XCQIowFpSioZ6UScIN9lpO2OLrN6+55wQcPgVo4j4vhoEFCPYiQV6ulHSXd6ic0HrpOYxqmZ6cA0zMLMSHp1lxxaadrTqwWCRRP8IlZOqiBXo6dPuv0Qxz4JJGZICNsyI+kkiEuKGUkr3ViQCOERGhBb2QD5RDjJdKcU7inSh17I1QkknNLvEwnyhRj7rur0kRyK37UM/lWzY+mdOwkNoliSAM8e8mIGZQizlGCfcoIlGyuDMKdqV4iHiCMsVZYVFULxU/i/adUM69io3ZxU6xd5HGWwA3bBPrDAGaiDa9AATYDBA3gCL+BVe9SetTftfdZa0vKZbfBD2uQTsG6bxA==</latexit>

is quasi-concave. 

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

G
<latexit sha1_base64="znlNvdKUuTj8xBn7KQjYldwg35s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A51DjM8=</latexit>

Gi
<latexit sha1_base64="nxi4W6FgBGzZPuXsF3XafWM1jMw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNvjvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindeqd5flGvXeRwFOIYTOAMPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMXOI2r</latexit>

I := ⇧m
i=1Ii

<latexit sha1_base64="0NxyhiRFCX5pLnaqAkbaK0HGOBw=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKilAourG7CvYBbQyT6aQdOjMJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPUHMqNKO822trK6tb2wWtorbO7t7+/ZBqa2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML6Z+p1HIhWNxL2exMTjaChoSDHSRvLtUuOq1m9SP6U1N3vgsOFT3y47FWcGuEzcnJRBjqZvf/UHEU44ERozpFTPdWLtpUhqihnJiv1EkRjhMRqSnqECcaK8dHZ7Bk+MMoBhJE0JDWfq74kUcaUmPDCdHOmRWvSm4n9eL9HhpZdSESeaCDxfFCYM6ghOg4ADKgnWbGIIwpKaWyEeIYmwNnEVTQju4svLpF2tuGeV6t15uX6dx1EAR+AYnAIXXIA6uAVN0AIYPIFn8ArerMx6sd6tj3nripXPHII/sD5/AGbJk2I=</latexit>

z 7! C(G�1
1 (z1), . . . , G

�1
m (zm))

<latexit sha1_base64="HB+EuwHgfn3YhPQdimd/nnGiDlc="></latexit>

Consider a constraint of the form:

P[⇠  h(x)] = C (F1(h1(x)), . . . , Fm(hm(x)))
<latexit sha1_base64="srKiwRKlWU10X7lnZrAk/PJvAsQ="></latexit>
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Leveraging Structure in a class of Chance constraints 

Separable probabilistic constraints

By Sklar’s theorem, we may write:

Consider a separable constraint of the form:

The convexity result

Concave-      copulae

P[⇠  h(x)] � p
<latexit sha1_base64="GT3h0VvE3RvIRTtojgBPQp+QPfw=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQYhN2o6Bl0MYygrnA7hJmJyfJkNmLM7OSsKS18VVsLBSx9Q3sfBtnky008YeBj/+cw5zz+zFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQaFJIx6Jjk8kcBZCUzHFoRMLIIHPoe2PrrN6+wGEZFF4pyYxeAEZhKzPKFHa6prYDYga+n7amDrumGGXwz0eVsanHnYHGuOuWbaq1kx4GewcyihXo2t+ub2IJgGEinIipWNbsfJSIhSjHKYlN5EQEzoiA3A0hiQA6aWzS6b4RDs93I+EfqHCM/f3REoCKSeBrzuzveViLTP/qzmJ6l96KQvjREFI5x/1E45VhLNYcI8JoIpPNBAqmN4V0yERhCodXkmHYC+evAytWtU+q9Zuz8v1qzyOIjpCx6iCbHSB6ugGNVATUfSIntErejOejBfj3fiYtxaMfOYQ/ZHx+QMd3ZlO</latexit>

⇠ : ⌦ ! Rm
<latexit sha1_base64="W4thNOC6YtbxlI68k9hJVgwsfR8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUlBAjFVsLBREH1ITagc10mt2klkO0AV9QdY+BUWBhBiZWfjb3DaDNBypCsdnXOv7r3HixmVyrK+jcLc/MLiUnG5tLK6tr5hbm41ZZQITBo4YpFoe0gSRkPSUFQx0o4FQdxjpOUNzjO/dUeEpFF4o4YxcTkKQupTjJSWuuae80DhqXPJSYCgI2jQV0iI6B46HKm+56XXo1veNctWxRoDzhI7J2WQo941v5xehBNOQoUZkrJjW7FyUyQUxYyMSk4iSYzwAAWko2mIOJFuOv5mBPe10oN+JHSFCo7V3xMp4lIOuac7sxvltJeJ/3mdRPknbkrDOFEkxJNFfsKgimAWDexRQbBiQ00QFlTfCnEfCYSVDrCkQ7CnX54lzWrFPqxUr47KtbM8jiLYAbvgANjgGNTABaiDBsDgETyDV/BmPBkvxrvxMWktGPnMNvgD4/MHSRqbtw==</latexit>

h : Rd ! Rm
<latexit sha1_base64="bpIU7tzzm4GLPGc2Mf+ISzls6Ho=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKilIIKYKFsaC6ENqQuU4TmPViSPbAVVRP4GFX2FhACFWRjb+BqfNUFqOdKWjc+7Vvfd4CaNSWdaPsbC4tLyyWlorr29sbm2bO7styVOBSRNzxkXHQ5IwGpOmooqRTiIIijxG2t7gKvfbD0RIyuM7NUyIG6F+TAOKkdJSzzwKL5wIqdDzstvRvQ8dQfuhQkLwRzhlRD2zYlWtMeA8sQtSAQUaPfPb8TlOIxIrzJCUXdtKlJshoShmZFR2UkkShAeoT7qaxigi0s3GD43goVZ8GHChK1ZwrE5PZCiSchh5ujO/Uc56ufif101VcO5mNE5SRWI8WRSkDCoO83SgTwXBig01QVhQfSvEIRIIK51hWYdgz748T1q1qn1Srd2cVuqXRRwlsA8OwDGwwRmog2vQAE2AwRN4AW/g3Xg2Xo0P43PSumAUM3vgD4yvX2GHnXE=</latexit>

P[⇠  h(x)] = C (F1(h1(x)), . . . , Fm(hm(x)))
<latexit sha1_base64="srKiwRKlWU10X7lnZrAk/PJvAsQ="></latexit>

G�1
<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit>

For    a given copulae and    such that the     are all continuous 
and strictly monotonic,  is said to be concave-  on 
if:

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

G�1
<latexit sha1_base64="bQdqxw08p410VEdWtJT2LQrZfMk=">AAACGHicdZC7TsMwFIadcivlFmBksaiQGCAkBQRjBQOMRaIXKQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2QYDglyz9+s459vHvRowKaZofWmlufmFxqbxcWVldW9/QN7daIow5Jk0cspB3XCQIowFpSioZ6UScIN9lpO2OLrN6+55wQcPgVo4j4vhoEFCPYiQV6ulHSXd6ic0HrpOYxqmZ6cA0zMLMSHp1lxxaadrTqwWCRRP8IlZOqiBXo6dPuv0Qxz4JJGZICNsyI+kkiEuKGUkr3ViQCOERGhBb2QD5RDjJdKcU7inSh17I1QkknNLvEwnyhRj7rur0kRyK37UM/lWzY+mdOwkNoliSAM8e8mIGZQizlGCfcoIlGyuDMKdqV4iHiCMsVZYVFULxU/i/adUM69io3ZxU6xd5HGWwA3bBPrDAGaiDa9AATYDBA3gCL+BVe9SetTftfdZa0vKZbfBD2uQTsG6bxA==</latexit>

is quasi-concave. 

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

G
<latexit sha1_base64="znlNvdKUuTj8xBn7KQjYldwg35s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A51DjM8=</latexit>

Gi
<latexit sha1_base64="nxi4W6FgBGzZPuXsF3XafWM1jMw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNvjvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindeqd5flGvXeRwFOIYTOAMPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMXOI2r</latexit>

I := ⇧m
i=1Ii

<latexit sha1_base64="0NxyhiRFCX5pLnaqAkbaK0HGOBw=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKilAourG7CvYBbQyT6aQdOjMJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPUHMqNKO822trK6tb2wWtorbO7t7+/ZBqa2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML6Z+p1HIhWNxL2exMTjaChoSDHSRvLtUuOq1m9SP6U1N3vgsOFT3y47FWcGuEzcnJRBjqZvf/UHEU44ERozpFTPdWLtpUhqihnJiv1EkRjhMRqSnqECcaK8dHZ7Bk+MMoBhJE0JDWfq74kUcaUmPDCdHOmRWvSm4n9eL9HhpZdSESeaCDxfFCYM6ghOg4ADKgnWbGIIwpKaWyEeIYmwNnEVTQju4svLpF2tuGeV6t15uX6dx1EAR+AYnAIXXIA6uAVN0AIYPIFn8ArerMx6sd6tj3nripXPHII/sD5/AGbJk2I=</latexit>

z 7! C(G�1
1 (z1), . . . , G

�1
m (zm))

<latexit sha1_base64="HB+EuwHgfn3YhPQdimd/nnGiDlc="></latexit>

Consider a constraint of the form:

P[⇠  h(x)] = C (F1(h1(x)), . . . , Fm(hm(x)))
<latexit sha1_base64="srKiwRKlWU10X7lnZrAk/PJvAsQ="></latexit>

Assume there exists strictly monotonous 
mappings                   and                  such 
that:

G1, . . . , Gm
<latexit sha1_base64="d0SYz9fwSB7fqUECX/ujynL1x2c=">AAAB+HicbVBNS8NAFHypX7V+NOrRy2IRPJSSVEGPRQ/1WMHWQhvCZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLR1YGGYecN7O0HCmdKO820V1tY3NreK26Wd3b39sn1w2FFxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNOHYHwz8x8eqVQsFvd6klAvwkPBQkawNpJvl5u+W0X9QaxVFTX9yLcrTs2ZA60SNycVyNHy7S8TJmlEhSYcK9VznUR7GZaaEU6npX6qaILJGA9pz1CBI6q8bH74FJ0aZYDCWJonNJqrvxMZjpSaRIGZjLAeqWVvJv7n9VIdXnkZE0mqqSCLRWHKkY7RrAU0YJISzSeGYCKZuRWREZaYaNNVyZTgLn95lXTqNfe8Vr+7qDSu8zqKcAwncAYuXEIDbqEFbSCQwjO8wpv1ZL1Y79bHYrRg5Zkj+APr8wfD75Hd</latexit>

Ĝ1, . . . , Ĝm
<latexit sha1_base64="knPFFa4kJvubeTi7H2c+xANVfGQ=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBhZSZKuiy6EKXFewD2rFk0rQNTWaG5I5Qhlm68VfcuFDErZ/gzr8xbUfQ1gMhh3Puvck9fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBA9YDTgI1owUI9IXrOEPL8d+454pzcPgFkYR8yTpB7zHKQEjdez99oBAcpXeJW56jNvdELS5fjSZduyiU3ImwPPEzUgRZah27E8zhMaSBUAF0brlOhF4CVHAqWBpoR1rFhE6JH3WMjQgkmkvmSyS4kOjdHEvVOYEgCfq746ESK1H0jeVksBAz3pj8T+vFUPv3Et4EMXAAjp9qBcLDCEep4K7XDEKYmQIoYqbv2I6IIpQMNkVTAju7MrzpF4uuSel8s1psXKRxZFHe+gAHSEXnaEKukZVVEMUPaAn9IJerUfr2Xqz3qelOSvr2UV/YH18A1jnmY0=</latexit>

The components    are    -concave on hi
<latexit sha1_base64="aZ/zXTULzJiM1n+5CRkawCLtx9Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOrzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBJfo3M</latexit>

Gi
<latexit sha1_base64="nxi4W6FgBGzZPuXsF3XafWM1jMw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNvjvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindeqd5flGvXeRwFOIYTOAMPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMXOI2r</latexit>

The c.d.f.     are concave-      and    -concave onFi
<latexit sha1_base64="8gODfdXaNMI+A6CoouLuo0oGXxY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUxGNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WjGSfoR3QgecgZNVZ6uO3xXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8vyrXrPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEVso2q</latexit>

G�1
i

<latexit sha1_base64="n4DA/aofOo6f5+AUwWSZqSX3Vp8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegBz1GMA9I1jA7mSRDZmfXmV4hLPkJLx4U8ervePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMYXk/8xhPXRkTqHkcx90PaV6InGEUrNW864iE99cadQtEtuVOQReJlpAgZqp3CV7sbsSTkCpmkxrQ8N0Y/pRoFk3ycbyeGx5QNaZ+3LFU05MZPp/eOybFVuqQXaVsKyVT9PZHS0JhRGNjOkOLAzHsT8T+vlWDv0k+FihPkis0W9RJJMCKT50lXaM5QjiyhTAt7K2EDqilDG1HehuDNv7xI6uWSd1Yq350XK1dZHDk4hCM4AQ8uoAK3UIUaMJDwDK/w5jw6L8678zFrXXKymQP4A+fzB22Qj5E=</latexit>

Ĝi
<latexit sha1_base64="MlYjNZlYuWQC38PeOjfT48EAtzw=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9kPaUDbbTbt0swm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilx+6QYnbbE5NeqexW3BnIMvFyUoYc9V7pq9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns4Mn5NQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9nvSF5gzl2BLKtLC3EjakmjK0GRVtCN7iy8ukWa1455Xq/UW5dp3HUYBjOIEz8OASanAHdWgAgwie4RXeHO28OO/Ox7x1xclnjuAPnM8f5gOQeA==</latexit>

The copulae   is concave-     on the product of the 
intervals               .

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

Ĝ�1
<latexit sha1_base64="DCbvfQnFbnoDZNRkxAQnpx9YZus=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GPegxgnlAdg2zk0kyZPbBTK8Qlv0NLx4U8erPePNvnCR70MSChqKqm+4uP5ZCo21/W4WV1bX1jeJmaWt7Z3evvH/Q0lGiGG+ySEaq41PNpQh5EwVK3okVp4Evedsf30z99hNXWkThA05i7gV0GIqBYBSN5Lojiult9pieOVmvXLGr9gxkmTg5qUCORq/85fYjlgQ8RCap1l3HjtFLqULBJM9KbqJ5TNmYDnnX0JAGXHvp7OaMnBilTwaRMhUimam/J1IaaD0JfNMZUBzpRW8q/ud1ExxceakI4wR5yOaLBokkGJFpAKQvFGcoJ4ZQpoS5lbARVZShialkQnAWX14mrVrVOa/W7i8q9es8jiIcwTGcggOXUIc7aEATGMTwDK/wZiXWi/VufcxbC1Y+cwh/YH3+AMaCkYI=</latexit>

{x, hi(x) � bi}
<latexit sha1_base64="f+SIXjcYwHPWg+0hfV/docwyGJ0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUgVdFt24rGAf0IQwmd62QycPZybSErLxV9y4UMStn+HOv3HaZqHVAxcO59zLvff4MWdSWdaXUVhaXlldK66XNja3tnfM3b2WjBJBoUkjHomOTyRwFkJTMcWhEwsggc+h7Y+up377AYRkUXinJjG4ARmErM8oUVryzAMnHZ/ioccq4xPsDOAe+x7DTuaZZatqzYD/EjsnZZSj4ZmfTi+iSQChopxI2bWtWLkpEYpRDlnJSSTEhI7IALqahiQA6aazBzJ8rJUe7kdCV6jwTP05kZJAykng686AqKFc9Kbif143Uf1LN2VhnCgI6XxRP+FYRXiaBu4xAVTxiSaECqZvxXRIBKFKZ1bSIdiLL/8lrVrVPqvWbs/L9as8jiI6REeogmx0geroBjVQE1GUoSf0gl6NR+PZeDPe560FI5/ZR79gfHwDocSVJQ==</latexit>

[Gi(bi),1)
<latexit sha1_base64="E7TCdypiwVcg0U2TaulVzxmT1S8=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCC1KSKuix6EGPFewHpCVstpt26WYTdidiKf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3c2vrG5lZ+u7Czu7d/YB8WWzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD0c3Mbz8ypXksH2CcsF5EBpKHnBIwkm8XvVuflwOfV85wl8sQxhXfLjlVZw68StyMlFCGhm9/dfsxTSMmgQqitec6CfQmRAGngk0L3VSzhNARGTDPUEkipnuT+e1TfGqUPg5jZUoCnqu/JyYk0nocBaYzIjDUy95M/M/zUgivehMukxSYpItFYSowxHgWBO5zxSiIsSGEKm5uxXRIFKFg4iqYENzll1dJq1Z1z6u1+4tS/TqLI4+O0QkqIxddojq6Qw3URBQ9oWf0it6sqfVivVsfi9aclc0coT+wPn8ANuuTQw==</latexit>

(�1, Ĝi(bi)]
<latexit sha1_base64="YctBQCmiWQ+qmMiL9oiCc5zF5nQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQQUtSBV0WXeiygn1AG8JkOmmHTiZh5kYoobjxV9y4UMStX+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtLSwuLa+s5tby6xubW9v2zm5dx6mirEZjEatmQDQTXLIacBCsmShGokCwRtC/HvmNB6Y0j+U9DBLmRaQrecgpASP59n7xtM1lCAN80u4RyG6GPi8GPj/2fLvglJwx8Dxxp6SApqj69le7E9M0YhKoIFq3XCcBLyMKOBVsmG+nmiWE9kmXtQyVJGLay8YvDPGRUTo4jJUpCXis/p7ISKT1IApMZ0Sgp2e9kfif10ohvPQyLpMUmKSTRWEqMMR4lAfucMUoiIEhhCpubsW0RxShYFLLmxDc2ZfnSb1ccs9K5bvzQuVqGkcOHaBDVEQuukAVdIuqqIYoekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzB5nYlkg=</latexit>
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Leveraging Structure in a class of Chance constraints 

Separable probabilistic constraints

By Sklar’s theorem, we may write:

Consider a separable constraint of the form:

The convexity result

Concave-      copulae

P[⇠  h(x)] � p
<latexit sha1_base64="GT3h0VvE3RvIRTtojgBPQp+QPfw=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQYhN2o6Bl0MYygrnA7hJmJyfJkNmLM7OSsKS18VVsLBSx9Q3sfBtnky008YeBj/+cw5zz+zFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQaFJIx6Jjk8kcBZCUzHFoRMLIIHPoe2PrrN6+wGEZFF4pyYxeAEZhKzPKFHa6prYDYga+n7amDrumGGXwz0eVsanHnYHGuOuWbaq1kx4GewcyihXo2t+ub2IJgGEinIipWNbsfJSIhSjHKYlN5EQEzoiA3A0hiQA6aWzS6b4RDs93I+EfqHCM/f3REoCKSeBrzuzveViLTP/qzmJ6l96KQvjREFI5x/1E45VhLNYcI8JoIpPNBAqmN4V0yERhCodXkmHYC+evAytWtU+q9Zuz8v1qzyOIjpCx6iCbHSB6ugGNVATUfSIntErejOejBfj3fiYtxaMfOYQ/ZHx+QMd3ZlO</latexit>

⇠ : ⌦ ! Rm
<latexit sha1_base64="W4thNOC6YtbxlI68k9hJVgwsfR8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUlBAjFVsLBREH1ITagc10mt2klkO0AV9QdY+BUWBhBiZWfjb3DaDNBypCsdnXOv7r3HixmVyrK+jcLc/MLiUnG5tLK6tr5hbm41ZZQITBo4YpFoe0gSRkPSUFQx0o4FQdxjpOUNzjO/dUeEpFF4o4YxcTkKQupTjJSWuuae80DhqXPJSYCgI2jQV0iI6B46HKm+56XXo1veNctWxRoDzhI7J2WQo941v5xehBNOQoUZkrJjW7FyUyQUxYyMSk4iSYzwAAWko2mIOJFuOv5mBPe10oN+JHSFCo7V3xMp4lIOuac7sxvltJeJ/3mdRPknbkrDOFEkxJNFfsKgimAWDexRQbBiQ00QFlTfCnEfCYSVDrCkQ7CnX54lzWrFPqxUr47KtbM8jiLYAbvgANjgGNTABaiDBsDgETyDV/BmPBkvxrvxMWktGPnMNvgD4/MHSRqbtw==</latexit>

h : Rd ! Rm
<latexit sha1_base64="bpIU7tzzm4GLPGc2Mf+ISzls6Ho=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKilIIKYKFsaC6ENqQuU4TmPViSPbAVVRP4GFX2FhACFWRjb+BqfNUFqOdKWjc+7Vvfd4CaNSWdaPsbC4tLyyWlorr29sbm2bO7styVOBSRNzxkXHQ5IwGpOmooqRTiIIijxG2t7gKvfbD0RIyuM7NUyIG6F+TAOKkdJSzzwKL5wIqdDzstvRvQ8dQfuhQkLwRzhlRD2zYlWtMeA8sQtSAQUaPfPb8TlOIxIrzJCUXdtKlJshoShmZFR2UkkShAeoT7qaxigi0s3GD43goVZ8GHChK1ZwrE5PZCiSchh5ujO/Uc56ufif101VcO5mNE5SRWI8WRSkDCoO83SgTwXBig01QVhQfSvEIRIIK51hWYdgz748T1q1qn1Srd2cVuqXRRwlsA8OwDGwwRmog2vQAE2AwRN4AW/g3Xg2Xo0P43PSumAUM3vgD4yvX2GHnXE=</latexit>

P[⇠  h(x)] = C (F1(h1(x)), . . . , Fm(hm(x)))
<latexit sha1_base64="srKiwRKlWU10X7lnZrAk/PJvAsQ="></latexit>

G�1
<latexit sha1_base64="gRaonwx6LhV6uBWw/o5d64A+4V4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9KDHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS9arlyd16qXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP75+OtQ==</latexit>

For    a given copulae and    such that the     are all continuous 
and strictly monotonic,  is said to be concave-  on 
if:

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

G�1
<latexit sha1_base64="bQdqxw08p410VEdWtJT2LQrZfMk=">AAACGHicdZC7TsMwFIadcivlFmBksaiQGCAkBQRjBQOMRaIXKQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2QYDglyz9+s459vHvRowKaZofWmlufmFxqbxcWVldW9/QN7daIow5Jk0cspB3XCQIowFpSioZ6UScIN9lpO2OLrN6+55wQcPgVo4j4vhoEFCPYiQV6ulHSXd6ic0HrpOYxqmZ6cA0zMLMSHp1lxxaadrTqwWCRRP8IlZOqiBXo6dPuv0Qxz4JJGZICNsyI+kkiEuKGUkr3ViQCOERGhBb2QD5RDjJdKcU7inSh17I1QkknNLvEwnyhRj7rur0kRyK37UM/lWzY+mdOwkNoliSAM8e8mIGZQizlGCfcoIlGyuDMKdqV4iHiCMsVZYVFULxU/i/adUM69io3ZxU6xd5HGWwA3bBPrDAGaiDa9AATYDBA3gCL+BVe9SetTftfdZa0vKZbfBD2uQTsG6bxA==</latexit>

is quasi-concave. 

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

G
<latexit sha1_base64="znlNvdKUuTj8xBn7KQjYldwg35s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A51DjM8=</latexit>

Gi
<latexit sha1_base64="nxi4W6FgBGzZPuXsF3XafWM1jMw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNvjvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindeqd5flGvXeRwFOIYTOAMPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMXOI2r</latexit>

I := ⇧m
i=1Ii

<latexit sha1_base64="0NxyhiRFCX5pLnaqAkbaK0HGOBw=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKilAourG7CvYBbQyT6aQdOjMJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPUHMqNKO822trK6tb2wWtorbO7t7+/ZBqa2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML6Z+p1HIhWNxL2exMTjaChoSDHSRvLtUuOq1m9SP6U1N3vgsOFT3y47FWcGuEzcnJRBjqZvf/UHEU44ERozpFTPdWLtpUhqihnJiv1EkRjhMRqSnqECcaK8dHZ7Bk+MMoBhJE0JDWfq74kUcaUmPDCdHOmRWvSm4n9eL9HhpZdSESeaCDxfFCYM6ghOg4ADKgnWbGIIwpKaWyEeIYmwNnEVTQju4svLpF2tuGeV6t15uX6dx1EAR+AYnAIXXIA6uAVN0AIYPIFn8ArerMx6sd6tj3nripXPHII/sD5/AGbJk2I=</latexit>

z 7! C(G�1
1 (z1), . . . , G

�1
m (zm))

<latexit sha1_base64="HB+EuwHgfn3YhPQdimd/nnGiDlc="></latexit>

Consider a constraint of the form:

P[⇠  h(x)] = C (F1(h1(x)), . . . , Fm(hm(x)))
<latexit sha1_base64="srKiwRKlWU10X7lnZrAk/PJvAsQ="></latexit>

Assume there exists strictly monotonous 
mappings                   and                  such 
that:

G1, . . . , Gm
<latexit sha1_base64="d0SYz9fwSB7fqUECX/ujynL1x2c=">AAAB+HicbVBNS8NAFHypX7V+NOrRy2IRPJSSVEGPRQ/1WMHWQhvCZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLR1YGGYecN7O0HCmdKO820V1tY3NreK26Wd3b39sn1w2FFxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNOHYHwz8x8eqVQsFvd6klAvwkPBQkawNpJvl5u+W0X9QaxVFTX9yLcrTs2ZA60SNycVyNHy7S8TJmlEhSYcK9VznUR7GZaaEU6npX6qaILJGA9pz1CBI6q8bH74FJ0aZYDCWJonNJqrvxMZjpSaRIGZjLAeqWVvJv7n9VIdXnkZE0mqqSCLRWHKkY7RrAU0YJISzSeGYCKZuRWREZaYaNNVyZTgLn95lXTqNfe8Vr+7qDSu8zqKcAwncAYuXEIDbqEFbSCQwjO8wpv1ZL1Y79bHYrRg5Zkj+APr8wfD75Hd</latexit>

Ĝ1, . . . , Ĝm
<latexit sha1_base64="knPFFa4kJvubeTi7H2c+xANVfGQ=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBhZSZKuiy6EKXFewD2rFk0rQNTWaG5I5Qhlm68VfcuFDErZ/gzr8xbUfQ1gMhh3Puvck9fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBA9YDTgI1owUI9IXrOEPL8d+454pzcPgFkYR8yTpB7zHKQEjdez99oBAcpXeJW56jNvdELS5fjSZduyiU3ImwPPEzUgRZah27E8zhMaSBUAF0brlOhF4CVHAqWBpoR1rFhE6JH3WMjQgkmkvmSyS4kOjdHEvVOYEgCfq746ESK1H0jeVksBAz3pj8T+vFUPv3Et4EMXAAjp9qBcLDCEep4K7XDEKYmQIoYqbv2I6IIpQMNkVTAju7MrzpF4uuSel8s1psXKRxZFHe+gAHSEXnaEKukZVVEMUPaAn9IJerUfr2Xqz3qelOSvr2UV/YH18A1jnmY0=</latexit>

The components    are    -concave on hi
<latexit sha1_base64="aZ/zXTULzJiM1n+5CRkawCLtx9Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOrzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBJfo3M</latexit>

Gi
<latexit sha1_base64="nxi4W6FgBGzZPuXsF3XafWM1jMw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNvjvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindeqd5flGvXeRwFOIYTOAMPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMXOI2r</latexit>

The c.d.f.     are concave-      and    -concave onFi
<latexit sha1_base64="8gODfdXaNMI+A6CoouLuo0oGXxY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUxGNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WjGSfoR3QgecgZNVZ6uO3xXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8vyrXrPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEVso2q</latexit>

G�1
i

<latexit sha1_base64="n4DA/aofOo6f5+AUwWSZqSX3Vp8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegBz1GMA9I1jA7mSRDZmfXmV4hLPkJLx4U8ervePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMYXk/8xhPXRkTqHkcx90PaV6InGEUrNW864iE99cadQtEtuVOQReJlpAgZqp3CV7sbsSTkCpmkxrQ8N0Y/pRoFk3ycbyeGx5QNaZ+3LFU05MZPp/eOybFVuqQXaVsKyVT9PZHS0JhRGNjOkOLAzHsT8T+vlWDv0k+FihPkis0W9RJJMCKT50lXaM5QjiyhTAt7K2EDqilDG1HehuDNv7xI6uWSd1Yq350XK1dZHDk4hCM4AQ8uoAK3UIUaMJDwDK/w5jw6L8678zFrXXKymQP4A+fzB22Qj5E=</latexit>

Ĝi
<latexit sha1_base64="MlYjNZlYuWQC38PeOjfT48EAtzw=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9kPaUDbbTbt0swm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilx+6QYnbbE5NeqexW3BnIMvFyUoYc9V7pq9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns4Mn5NQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9nvSF5gzl2BLKtLC3EjakmjK0GRVtCN7iy8ukWa1455Xq/UW5dp3HUYBjOIEz8OASanAHdWgAgwie4RXeHO28OO/Ox7x1xclnjuAPnM8f5gOQeA==</latexit>

The copulae   is concave-     on the product of the 
intervals               .

C
<latexit sha1_base64="suMAjzvrV6PKJ8xgZIZaIZ+9Q9g=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk26j7l3VGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdKaRXQ==</latexit>

Ĝ�1
<latexit sha1_base64="DCbvfQnFbnoDZNRkxAQnpx9YZus=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GPegxgnlAdg2zk0kyZPbBTK8Qlv0NLx4U8erPePNvnCR70MSChqKqm+4uP5ZCo21/W4WV1bX1jeJmaWt7Z3evvH/Q0lGiGG+ySEaq41PNpQh5EwVK3okVp4Evedsf30z99hNXWkThA05i7gV0GIqBYBSN5Lojiult9pieOVmvXLGr9gxkmTg5qUCORq/85fYjlgQ8RCap1l3HjtFLqULBJM9KbqJ5TNmYDnnX0JAGXHvp7OaMnBilTwaRMhUimam/J1IaaD0JfNMZUBzpRW8q/ud1ExxceakI4wR5yOaLBokkGJFpAKQvFGcoJ4ZQpoS5lbARVZShialkQnAWX14mrVrVOa/W7i8q9es8jiIcwTGcggOXUIc7aEATGMTwDK/wZiXWi/VufcxbC1Y+cwh/YH3+AMaCkYI=</latexit>

Then, the set                                      is 
convex for all 

{x, hi(x) � bi}
<latexit sha1_base64="f+SIXjcYwHPWg+0hfV/docwyGJ0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUgVdFt24rGAf0IQwmd62QycPZybSErLxV9y4UMStn+HOv3HaZqHVAxcO59zLvff4MWdSWdaXUVhaXlldK66XNja3tnfM3b2WjBJBoUkjHomOTyRwFkJTMcWhEwsggc+h7Y+up377AYRkUXinJjG4ARmErM8oUVryzAMnHZ/ioccq4xPsDOAe+x7DTuaZZatqzYD/EjsnZZSj4ZmfTi+iSQChopxI2bWtWLkpEYpRDlnJSSTEhI7IALqahiQA6aazBzJ8rJUe7kdCV6jwTP05kZJAykng686AqKFc9Kbif143Uf1LN2VhnCgI6XxRP+FYRXiaBu4xAVTxiSaECqZvxXRIBKFKZ1bSIdiLL/8lrVrVPqvWbs/L9as8jiI6REeogmx0geroBjVQE1GUoSf0gl6NR+PZeDPe560FI5/ZR79gfHwDocSVJQ==</latexit>

[Gi(bi),1)
<latexit sha1_base64="E7TCdypiwVcg0U2TaulVzxmT1S8=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCC1KSKuix6EGPFewHpCVstpt26WYTdidiKf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3c2vrG5lZ+u7Czu7d/YB8WWzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD0c3Mbz8ypXksH2CcsF5EBpKHnBIwkm8XvVuflwOfV85wl8sQxhXfLjlVZw68StyMlFCGhm9/dfsxTSMmgQqitec6CfQmRAGngk0L3VSzhNARGTDPUEkipnuT+e1TfGqUPg5jZUoCnqu/JyYk0nocBaYzIjDUy95M/M/zUgivehMukxSYpItFYSowxHgWBO5zxSiIsSGEKm5uxXRIFKFg4iqYENzll1dJq1Z1z6u1+4tS/TqLI4+O0QkqIxddojq6Qw3URBQ9oWf0it6sqfVivVsfi9aclc0coT+wPn8ANuuTQw==</latexit>

(�1, Ĝi(bi)]
<latexit sha1_base64="YctBQCmiWQ+qmMiL9oiCc5zF5nQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQQUtSBV0WXeiygn1AG8JkOmmHTiZh5kYoobjxV9y4UMStX+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtLSwuLa+s5tby6xubW9v2zm5dx6mirEZjEatmQDQTXLIacBCsmShGokCwRtC/HvmNB6Y0j+U9DBLmRaQrecgpASP59n7xtM1lCAN80u4RyG6GPi8GPj/2fLvglJwx8Dxxp6SApqj69le7E9M0YhKoIFq3XCcBLyMKOBVsmG+nmiWE9kmXtQyVJGLay8YvDPGRUTo4jJUpCXis/p7ISKT1IApMZ0Sgp2e9kfif10ohvPQyLpMUmKSTRWEqMMR4lAfucMUoiIEhhCpubsW0RxShYFLLmxDc2ZfnSb1ccs9K5bvzQuVqGkcOHaBDVEQuukAVdIuqqIYoekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzB5nYlkg=</latexit>

Mp := {x,P[⇠  h(x)] � p}
<latexit sha1_base64="gKUS3jYBXcpw+hG8f2o9RgswgI0="></latexit>

p � p? := max
1im

Fi(bi)
<latexit sha1_base64="beHiP6QHOEQUJ3Cntfa8RyctwKk=">AAACGXicbVDLSsNAFJ34rPUVdelmsAh1U5IqKIJQFMRlBfuAJobJdNIOnUnizEQsob/hxl9x40IRl7ryb5ymWWjrgcs9nHMvM/f4MaNSWda3MTe/sLi0XFgprq6tb2yaW9tNGSUCkwaOWCTaPpKE0ZA0FFWMtGNBEPcZafmDi7HfuidC0ii8UcOYuBz1QhpQjJSWPNOKodMjdzC+daRCAp6eQYejBy+1HaZlCrPGR/DSo2XfoweeWbIqVgY4S+yclECOumd+Ot0IJ5yECjMkZce2YuWmSCiKGRkVnUSSGOEB6pGOpiHiRLppdtkI7mulC4NI6AoVzNTfGyniUg65ryc5Un057Y3F/7xOooITN6VhnCgS4slDQcKgiuA4JtilgmDFhpogLKj+K8R9JBBWOsyiDsGePnmWNKsV+7BSvT4q1c7zOApgF+yBMrDBMaiBK1AHDYDBI3gGr+DNeDJejHfjYzI6Z+Q7O+APjK8fffueuA==</latexit>
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Leveraging Structure in a class of Chance constraints

The Gaussian case

                        is continuous

        is convex for all 

        is convex for all 

   is a gaussian: 

μ

g(., z)
<latexit sha1_base64="eaBouIpWuvA5iFxuJhEahWjsQTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZLkhXq0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1ByUK2dPp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwAM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fRouORg==</latexit>

g(x, .)
<latexit sha1_base64="Uz+ygngVgO7+12eO5+h2S6ZwfVQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1ByUn84qp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwAM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fRBWORA==</latexit>

z 2 Rm
<latexit sha1_base64="qtcSTuXoEL0VIwonlRReKFsWzLw=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVCUFCcYKFsaC6ENqQuW4TmvVdiLbQZQov8LCAEKs/Agbf4PTZoCWI1k6Oude3eMTxIwq7TjfVmlldW19o7xZ2dre2d2z96sdFSUSkzaOWCR7AVKEUUHammpGerEkiAeMdIPJVe53H4hUNBJ3ehoTn6ORoCHFSBtpYFefoEcF9DjS4yBIb7N7PrBrTt2ZAS4TtyA1UKA1sL+8YYQTToTGDCnVd51Y+ymSmmJGsoqXKBIjPEEj0jdUIE6Un86yZ/DYKEMYRtI8oeFM/b2RIq7UlAdmMs+oFr1c/M/rJzq88FMq4kQTgeeHwoRBHcG8CDikkmDNpoYgLKnJCvEYSYS1qatiSnAXv7xMOo26e1pv3JzVmpdFHWVwCI7ACXDBOWiCa9ACbYDBI3gGr+DNyqwX6936mI+WrGLnAPyB9fkDormULw==</latexit>

x 2 Rd
<latexit sha1_base64="I0tTMapMxQg53r7vpVcjN38RzVg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmqoMuiG5dV7AOaWibTaTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP+JMacf5tgpr6xubW8Xt0s7u3v6BfVhuqTCWhDZJyEPZ8bGinAna1Exz2okkxYHPaduf3GR++4lKxULxoGcR7QV4JNiQEayN1LfLU+QxgbwA67HvJ/fp46BvV5yqMwdaJW5OKpCj0be/vEFI4oAKTThWqus6ke4lWGpGOE1LXqxohMkEj2jXUIEDqnrJPHuKTo0yQMNQmic0mqu/NxIcKDULfDOZZVTLXib+53VjPbzqJUxEsaaCLA4NY450iLIi0IBJSjSfGYKJZCYrImMsMdGmrpIpwV3+8ipp1aruebV2d1GpX+d1FOEYTuAMXLiEOtxCA5pAYArP8ApvVmq9WO/Wx2K0YOU7R/AH1ucPkeuUJA==</latexit>

⇠
<latexit sha1_base64="/ft1KSxw56yZkWxdQXWHnM5xRb4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDOp9yRK/XLFrbpzkFXi5aQCORr98ldvELFEcY1MUmu7nhujP6UGBZN8VuollseUjemQd1OqqeLWn85vnZGzVBmQMDJpaSRz9ffElCprJypIOxXFkV32MvE/r5tgeO1PhY4T5JotFoWJJBiR7HEyEIYzlJOUUGZEeithI2oowzSeLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEInuEV3hzlvDjvzseiteDkM8fwB87nD5KAje0=</latexit>

⇠ = µ+RL⇣
<latexit sha1_base64="aZLWYfWgnr0at0IDKTrVSftg+HE=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgZBEMJuFLQRgjYWFlHMA7JLuDuZJENmH8zMinFJaeOv2FgoYusn2Pk3ziZbaOKBGQ7n3Mu993gRZ1JZ1reRm5tfWFzKLxdWVtfWN8zNrboMY0FojYQ8FE0PJOUsoDXFFKfNSFDwPU4b3uAi9Rt3VEgWBrdqGFHXh17AuoyA0lLb3HXuGT7Djh/jQ/2D6hPgyc0IXzkPVEGhbRatkjUGniV2RoooQ7VtfjmdkMQ+DRThIGXLtiLlJiAUI5yOCk4saQRkAD3a0jQAn0o3GR8ywvta6eBuKPQLFB6rvzsS8KUc+p6uTFeV014q/ue1YtU9dRMWRLGiAZkM6sYcqxCnqeAOE5QoPtQEiGB6V0z6IIAonV0agj198iypl0v2Ual8fVysnGdx5NEO2kMHyEYnqIIuURXVEEGP6Bm9ojfjyXgx3o2PSWnOyHq20R8Ynz9iEJhO</latexit>

g(x, µ)  0
<latexit sha1_base64="I3nUEMHvF6yPuK7jpUblRNyEKyE=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJUkJJUQY9FLx4r2A9oQtlsJ+3SzSbubool9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbBa2its7u3v79sFhU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXD26nfGoFULBYPepyAH5G+YCGjRBupa9v98tM59qL0DHscHrHTtUtOxZkBLxM3JyWUo961v7xeTNMIhKacKNVxnUT7GZGaUQ6TopcqSAgdkj50DBUkAuVns8sn+NQoPRzG0pTQeKb+nshIpNQ4CkxnRPRALXpT8T+vk+rw2s+YSFINgs4XhSnHOsbTGHCPSaCajw0hVDJzK6YDIgnVJqyiCcFdfHmZNKsV96JSvb8s1W7yOAroGJ2gMnLRFaqhO1RHDUTRCD2jV/RmZdaL9W59zFtXrHzmCP2B9fkDN8GSFw==</latexit>

Non-linear couplings with elliptical distributions
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g : C ⇥ Rm ! Rk
<latexit sha1_base64="/AuYceslXCtgE6HFNz/LRFz9z6M=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlIFxVWxG5dV7AOaWCbTaTp08mDmRimh3+HGX3HjQhF34sa/cdJmUVsPDBzOuZc593ix4Aos68dYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3rCW+a0HJhWPwjsYxcwNiB/yPqcEtNQ1bf8S17ADPGAKOwGBgeelt+P7ADuS+wMgUkaPs8awa5assjUBXiR2TkooR71rfjm9iCYBC4EKolTHtmJwUyKBU8HGRSdRLCZ0SHzW0TQkOoqbTk4b42Ot9HA/kvqFgCfq7EZKAqVGgacns4xq3svE/7xOAv0LN+VhnAAL6fSjfiIwRDjrCfe4ZBTESBNCJddZMR0QSSjoNou6BHv+5EXSrJTt03Ll5qxUvcrrKKBDdIROkI3OURVdozpqIIqe0At6Q+/Gs/FqfBif09ElI985QH9gfP8CJfKg/A==</latexit>



Leveraging Structure in a class of Chance constraints

The spherical integration formula

The Gaussian case

                        is continuous

        is convex for all 

        is convex for all 

   is a gaussian: 

μ

We define:

μ

g(x, z) ≤ 0

g(x, z) > 0

𝕊m−1

z

ρ(x, v)

⇢(x, v) = sup
t>0

{g(x, µ+ tLv)  0}
<latexit sha1_base64="eIGkfbWVJ3FzC0jYZqkWg3XTFmU="></latexit>

g(., z)
<latexit sha1_base64="eaBouIpWuvA5iFxuJhEahWjsQTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZLkhXq0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1ByUK2dPp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwAM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fRouORg==</latexit>

g(x, .)
<latexit sha1_base64="Uz+ygngVgO7+12eO5+h2S6ZwfVQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1ByUn84qp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwAM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fRBWORA==</latexit>

z 2 Rm
<latexit sha1_base64="qtcSTuXoEL0VIwonlRReKFsWzLw=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVCUFCcYKFsaC6ENqQuW4TmvVdiLbQZQov8LCAEKs/Agbf4PTZoCWI1k6Oude3eMTxIwq7TjfVmlldW19o7xZ2dre2d2z96sdFSUSkzaOWCR7AVKEUUHammpGerEkiAeMdIPJVe53H4hUNBJ3ehoTn6ORoCHFSBtpYFefoEcF9DjS4yBIb7N7PrBrTt2ZAS4TtyA1UKA1sL+8YYQTToTGDCnVd51Y+ymSmmJGsoqXKBIjPEEj0jdUIE6Un86yZ/DYKEMYRtI8oeFM/b2RIq7UlAdmMs+oFr1c/M/rJzq88FMq4kQTgeeHwoRBHcG8CDikkmDNpoYgLKnJCvEYSYS1qatiSnAXv7xMOo26e1pv3JzVmpdFHWVwCI7ACXDBOWiCa9ACbYDBI3gGr+DNyqwX6936mI+WrGLnAPyB9fkDormULw==</latexit>

x 2 Rd
<latexit sha1_base64="I0tTMapMxQg53r7vpVcjN38RzVg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmqoMuiG5dV7AOaWibTaTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP+JMacf5tgpr6xubW8Xt0s7u3v6BfVhuqTCWhDZJyEPZ8bGinAna1Exz2okkxYHPaduf3GR++4lKxULxoGcR7QV4JNiQEayN1LfLU+QxgbwA67HvJ/fp46BvV5yqMwdaJW5OKpCj0be/vEFI4oAKTThWqus6ke4lWGpGOE1LXqxohMkEj2jXUIEDqnrJPHuKTo0yQMNQmic0mqu/NxIcKDULfDOZZVTLXib+53VjPbzqJUxEsaaCLA4NY450iLIi0IBJSjSfGYKJZCYrImMsMdGmrpIpwV3+8ipp1aruebV2d1GpX+d1FOEYTuAMXLiEOtxCA5pAYArP8ApvVmq9WO/Wx2K0YOU7R/AH1ucPkeuUJA==</latexit>

⇠
<latexit sha1_base64="/ft1KSxw56yZkWxdQXWHnM5xRb4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDOp9yRK/XLFrbpzkFXi5aQCORr98ldvELFEcY1MUmu7nhujP6UGBZN8VuollseUjemQd1OqqeLWn85vnZGzVBmQMDJpaSRz9ffElCprJypIOxXFkV32MvE/r5tgeO1PhY4T5JotFoWJJBiR7HEyEIYzlJOUUGZEeithI2oowzSeLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEInuEV3hzlvDjvzseiteDkM8fwB87nD5KAje0=</latexit>

⇠ = µ+RL⇣
<latexit sha1_base64="aZLWYfWgnr0at0IDKTrVSftg+HE=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgZBEMJuFLQRgjYWFlHMA7JLuDuZJENmH8zMinFJaeOv2FgoYusn2Pk3ziZbaOKBGQ7n3Mu993gRZ1JZ1reRm5tfWFzKLxdWVtfWN8zNrboMY0FojYQ8FE0PJOUsoDXFFKfNSFDwPU4b3uAi9Rt3VEgWBrdqGFHXh17AuoyA0lLb3HXuGT7Djh/jQ/2D6hPgyc0IXzkPVEGhbRatkjUGniV2RoooQ7VtfjmdkMQ+DRThIGXLtiLlJiAUI5yOCk4saQRkAD3a0jQAn0o3GR8ywvta6eBuKPQLFB6rvzsS8KUc+p6uTFeV014q/ue1YtU9dRMWRLGiAZkM6sYcqxCnqeAOE5QoPtQEiGB6V0z6IIAonV0agj198iypl0v2Ual8fVysnGdx5NEO2kMHyEYnqIIuURXVEEGP6Bm9ojfjyXgx3o2PSWnOyHq20R8Ynz9iEJhO</latexit>

g(x, µ)  0
<latexit sha1_base64="I3nUEMHvF6yPuK7jpUblRNyEKyE=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJUkJJUQY9FLx4r2A9oQtlsJ+3SzSbubool9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbBa2its7u3v79sFhU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXD26nfGoFULBYPepyAH5G+YCGjRBupa9v98tM59qL0DHscHrHTtUtOxZkBLxM3JyWUo961v7xeTNMIhKacKNVxnUT7GZGaUQ6TopcqSAgdkj50DBUkAuVns8sn+NQoPRzG0pTQeKb+nshIpNQ4CkxnRPRALXpT8T+vk+rw2s+YSFINgs4XhSnHOsbTGHCPSaCajw0hVDJzK6YDIgnVJqyiCcFdfHmZNKsV96JSvb8s1W7yOAroGJ2gMnLRFaqhO1RHDUTRCD2jV/RmZdaL9W59zFtXrHzmCP2B9fkDN8GSFw==</latexit>

P[g(x, ⇠)  0] =

Z

v2Sm�1

FR(⇢(x, v)dv
<latexit sha1_base64="CrJyDYWyWv58Dmya7kt2c4Ww3Rw="></latexit>

Non-linear couplings with elliptical distributions
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g : C ⇥ Rm ! Rk
<latexit sha1_base64="/AuYceslXCtgE6HFNz/LRFz9z6M=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlIFxVWxG5dV7AOaWCbTaTp08mDmRimh3+HGX3HjQhF34sa/cdJmUVsPDBzOuZc593ix4Aos68dYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3rCW+a0HJhWPwjsYxcwNiB/yPqcEtNQ1bf8S17ADPGAKOwGBgeelt+P7ADuS+wMgUkaPs8awa5assjUBXiR2TkooR71rfjm9iCYBC4EKolTHtmJwUyKBU8HGRSdRLCZ0SHzW0TQkOoqbTk4b42Ot9HA/kvqFgCfq7EZKAqVGgacns4xq3svE/7xOAv0LN+VhnAAL6fSjfiIwRDjrCfe4ZBTESBNCJddZMR0QSSjoNou6BHv+5EXSrJTt03Ll5qxUvcrrKKBDdIROkI3OURVdozpqIIqe0At6Q+/Gs/FqfBif09ElI985QH9gfP8CJfKg/A==</latexit>



        is     -concave

        is continuous

Leveraging Structure in a class of Chance constraints

The spherical integration formula

The Gaussian case

                        is continuous

        is convex for all 

        is convex for all 

   is a gaussian: 

μ

We define:

μ

g(x, z) ≤ 0

g(x, z) > 0

𝕊n−1

z

ρ(x, v)

⇢(x, v) = sup
t>0

{g(x, µ+ tLv)  0}
<latexit sha1_base64="eIGkfbWVJ3FzC0jYZqkWg3XTFmU="></latexit>

g(., z)
<latexit sha1_base64="eaBouIpWuvA5iFxuJhEahWjsQTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZLkhXq0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1ByUK2dPp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwAM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fRouORg==</latexit>

g(x, .)
<latexit sha1_base64="Uz+ygngVgO7+12eO5+h2S6ZwfVQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1ByUn84qp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwAM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fRBWORA==</latexit>

z 2 Rm
<latexit sha1_base64="qtcSTuXoEL0VIwonlRReKFsWzLw=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVCUFCcYKFsaC6ENqQuW4TmvVdiLbQZQov8LCAEKs/Agbf4PTZoCWI1k6Oude3eMTxIwq7TjfVmlldW19o7xZ2dre2d2z96sdFSUSkzaOWCR7AVKEUUHammpGerEkiAeMdIPJVe53H4hUNBJ3ehoTn6ORoCHFSBtpYFefoEcF9DjS4yBIb7N7PrBrTt2ZAS4TtyA1UKA1sL+8YYQTToTGDCnVd51Y+ymSmmJGsoqXKBIjPEEj0jdUIE6Un86yZ/DYKEMYRtI8oeFM/b2RIq7UlAdmMs+oFr1c/M/rJzq88FMq4kQTgeeHwoRBHcG8CDikkmDNpoYgLKnJCvEYSYS1qatiSnAXv7xMOo26e1pv3JzVmpdFHWVwCI7ACXDBOWiCa9ACbYDBI3gGr+DNyqwX6936mI+WrGLnAPyB9fkDormULw==</latexit>

x 2 Rd
<latexit sha1_base64="I0tTMapMxQg53r7vpVcjN38RzVg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmqoMuiG5dV7AOaWibTaTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP+JMacf5tgpr6xubW8Xt0s7u3v6BfVhuqTCWhDZJyEPZ8bGinAna1Exz2okkxYHPaduf3GR++4lKxULxoGcR7QV4JNiQEayN1LfLU+QxgbwA67HvJ/fp46BvV5yqMwdaJW5OKpCj0be/vEFI4oAKTThWqus6ke4lWGpGOE1LXqxohMkEj2jXUIEDqnrJPHuKTo0yQMNQmic0mqu/NxIcKDULfDOZZVTLXib+53VjPbzqJUxEsaaCLA4NY450iLIi0IBJSjSfGYKJZCYrImMsMdGmrpIpwV3+8ipp1aruebV2d1GpX+d1FOEYTuAMXLiEOtxCA5pAYArP8ApvVmq9WO/Wx2K0YOU7R/AH1ucPkeuUJA==</latexit>

⇠
<latexit sha1_base64="/ft1KSxw56yZkWxdQXWHnM5xRb4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDOp9yRK/XLFrbpzkFXi5aQCORr98ldvELFEcY1MUmu7nhujP6UGBZN8VuollseUjemQd1OqqeLWn85vnZGzVBmQMDJpaSRz9ffElCprJypIOxXFkV32MvE/r5tgeO1PhY4T5JotFoWJJBiR7HEyEIYzlJOUUGZEeithI2oowzSeLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEInuEV3hzlvDjvzseiteDkM8fwB87nD5KAje0=</latexit>

⇠ = µ+RL⇣
<latexit sha1_base64="aZLWYfWgnr0at0IDKTrVSftg+HE=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgZBEMJuFLQRgjYWFlHMA7JLuDuZJENmH8zMinFJaeOv2FgoYusn2Pk3ziZbaOKBGQ7n3Mu993gRZ1JZ1reRm5tfWFzKLxdWVtfWN8zNrboMY0FojYQ8FE0PJOUsoDXFFKfNSFDwPU4b3uAi9Rt3VEgWBrdqGFHXh17AuoyA0lLb3HXuGT7Djh/jQ/2D6hPgyc0IXzkPVEGhbRatkjUGniV2RoooQ7VtfjmdkMQ+DRThIGXLtiLlJiAUI5yOCk4saQRkAD3a0jQAn0o3GR8ywvta6eBuKPQLFB6rvzsS8KUc+p6uTFeV014q/ue1YtU9dRMWRLGiAZkM6sYcqxCnqeAOE5QoPtQEiGB6V0z6IIAonV0agj198iypl0v2Ual8fVysnGdx5NEO2kMHyEYnqIIuURXVEEGP6Bm9ojfjyXgx3o2PSWnOyHq20R8Ynz9iEJhO</latexit>

g(x, µ)  0
<latexit sha1_base64="I3nUEMHvF6yPuK7jpUblRNyEKyE=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJUkJJUQY9FLx4r2A9oQtlsJ+3SzSbubool9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbBa2its7u3v79sFhU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXD26nfGoFULBYPepyAH5G+YCGjRBupa9v98tM59qL0DHscHrHTtUtOxZkBLxM3JyWUo961v7xeTNMIhKacKNVxnUT7GZGaUQ6TopcqSAgdkj50DBUkAuVns8sn+NQoPRzG0pTQeKb+nshIpNQ4CkxnRPRALXpT8T+vk+rw2s+YSFINgs4XhSnHOsbTGHCPSaCajw0hVDJzK6YDIgnVJqyiCcFdfHmZNKsV96JSvb8s1W7yOAroGJ2gMnLRFaqhO1RHDUTRCD2jV/RmZdaL9W59zFtXrHzmCP2B9fkDN8GSFw==</latexit>

P[g(x, ⇠)  0] =

Z

v2Sm�1

FR(⇢(x, v)dv
<latexit sha1_base64="CrJyDYWyWv58Dmya7kt2c4Ww3Rw="></latexit>

The convexity resultNon-linear couplings with elliptical distributions
Assume that for all v 2 Sm�1

<latexit sha1_base64="mbYDYj7DKXCqyGZd2dY+T9s5aG0=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCG8tMFXRZdOOyon1AZxgyadqGJpkhyRTKOAt/xY0LRdz6G+78GzPtLLT1QOBwzr3ckxPGjCrtON/W0vLK6tp6aaO8ubW9s2vv7bdUlEhMmjhikeyESBFGBWlqqhnpxJIgHjLSDkc3ud8eE6loJB70JCY+RwNB+xQjbaTAPhxDjwrocaSHYZjeZ0HKz9wssCtO1ZkCLhK3IBVQoBHYX14vwgknQmOGlOq6Tqz9FElNMSNZ2UsUiREeoQHpGioQJ8pPp/kzeGKUHuxH0jyh4VT9vZEirtSEh2Yyz6nmvVz8z+smun/lp1TEiSYCzw71EwZ1BPMyYI9KgjWbGIKwpCYrxEMkEdamsrIpwZ3/8iJp1aruebV2d1GpXxd1lMAROAanwAWXoA5uQQM0AQaP4Bm8gjfryXqx3q2P2eiSVewcgD+wPn8AV8iVqw==</latexit>

⇢(., v)
<latexit sha1_base64="HwwMnmOTaciKdRNqXbyq7KS8T/Y=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgiy7VdBj0YvHCvZD2qVk02wbmmyWJFsopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3tr6xuZXfLuzs7u0fFA+PGlqmitA6kVyqVog15SymdcMMp61EUSxCTpvh8G7mN0dUaSbjRzNOaCBwP2YRI9hY6amjBrLsXozOu8WS53pzoFXiZ6QEGWrd4lenJ0kqaGwIx1q3fS8xwQQrwwin00In1TTBZIj7tG1pjAXVwWR+8BSdWaWHIqlsxQbN1d8TEyy0HovQdgpsBnrZm4n/ee3URDfBhMVJamhMFouilCMj0ex71GOKEsPHlmCimL0VkQFWmBibUcGG4C+/vEoaFde/dCsPV6XqbRZHHk7gFMrgwzVU4R5qUAcCAp7hFd4c5bw4787HojXnZDPH8AfO5w+Z84+e</latexit>

There exists                   such that:Gv : R+ ! R
<latexit sha1_base64="efmiujhxfstSh0s3l0wSev/ZAws=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUJIqKK6KLnRZxT6gCWEynbRDJ5MwM6mU0E9w46+4caGIW5fu/BsnbRa19cCFwzn3cu89fsyoVJb1YywsLi2vrBbWiusbm1vb5s5uQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpp+/zrzmwMiJI34gxrGxA1Rl9OAYqS05JlHN97g0gmR6vl+ej/yTqAjaLenkBDRI5wyzJJVtsaA88TOSQnkqHnmt9OJcBISrjBDUrZtK1ZuioSimJFR0UkkiRHuoy5pa8pRSKSbjh8awUOtdGAQCV1cwbE6PZGiUMph6OvO7EI562Xif147UcGFm1IeJ4pwPFkUJAyqCGbpwA4VBCs21ARhQfWtEPeQQFjpDIs6BHv25XnSqJTt03Ll7qxUvcrjKIB9cACOgQ3OQRXcghqoAwyewAt4A+/Gs/FqfBifk9YFI5/ZA39gfP0C4bKdIg==</latexit>

is strictly monotonic.Gv
<latexit sha1_base64="S9OvB9EwusKCETLDoDffzteowE4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3qMaB6QLGF20psMmZ1dZmYDIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSyfzDhBP6J9yUPOqLHS41131C2W3LI7B1klXkZKkKHWLX51ejFLI5SGCap123MT40+oMpwJnBY6qcaEsiHtY9tSSSPU/mR+6pScWaVHwljZkobM1d8TExppPY4C2xlRM9DL3kz8z2unJrz2J1wmqUHJFovCVBATk9nfpMcVMiPGllCmuL2VsAFVlBmbTsGG4C2/vEoalbJ3Ua48XJaqN1kceTiBUzgHD66gCvdQgzow6MMzvMKbI5wX5935WLTmnGzmGP7A+fwBKuyNuA==</latexit>

FR
<latexit sha1_base64="3bpzN/FUusD3F9xQgScb+kEwdHQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0GVREJdV7APaECbTaTt0MgkzE6GGfIkbF4q49VPc+TdO2iy09cDA4Zx7uWdOEHOmtON8Wyura+sbm6Wt8vbO7l7F3j9oqyiRhLZIxCPZDbCinAna0kxz2o0lxWHAaSeYXOd+55FKxSLxoKcx9UI8EmzICNZG8u3KjZ/2Q6zHBPP0Pst8u+rUnBnQMnELUoUCTd/+6g8ikoRUaMKxUj3XibWXYqkZ4TQr9xNFY0wmeER7hgocUuWls+AZOjHKAA0jaZ7QaKb+3khxqNQ0DMxknlEtern4n9dL9PDSS5mIE00FmR8aJhzpCOUtoAGTlGg+NQQTyUxWRMZYYqJNV2VTgrv45WXSrtfcs1r97rzauCrqKMERHMMpuHABDbiFJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/ABwtk2I=</latexit>

⇢(., v)
<latexit sha1_base64="HwwMnmOTaciKdRNqXbyq7KS8T/Y=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgiy7VdBj0YvHCvZD2qVk02wbmmyWJFsopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3tr6xuZXfLuzs7u0fFA+PGlqmitA6kVyqVog15SymdcMMp61EUSxCTpvh8G7mN0dUaSbjRzNOaCBwP2YRI9hY6amjBrLsXozOu8WS53pzoFXiZ6QEGWrd4lenJ0kqaGwIx1q3fS8xwQQrwwin00In1TTBZIj7tG1pjAXVwWR+8BSdWaWHIqlsxQbN1d8TEyy0HovQdgpsBnrZm4n/ee3URDfBhMVJamhMFouilCMj0ex71GOKEsPHlmCimL0VkQFWmBibUcGG4C+/vEoaFde/dCsPV6XqbRZHHk7gFMrgwzVU4R5qUAcCAp7hFd4c5bw4787HojXnZDPH8AfO5w+Z84+e</latexit>

Gv
<latexit sha1_base64="S9OvB9EwusKCETLDoDffzteowE4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3qMaB6QLGF20psMmZ1dZmYDIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSyfzDhBP6J9yUPOqLHS41131C2W3LI7B1klXkZKkKHWLX51ejFLI5SGCap123MT40+oMpwJnBY6qcaEsiHtY9tSSSPU/mR+6pScWaVHwljZkobM1d8TExppPY4C2xlRM9DL3kz8z2unJrz2J1wmqUHJFovCVBATk9nfpMcVMiPGllCmuL2VsAFVlBmbTsGG4C2/vEoalbJ3Ua48XJaqN1kceTiBUzgHD66gCvdQgzow6MMzvMKbI5wX5935WLTmnGzmGP7A+fwBKuyNuA==</latexit>

G�1
v

<latexit sha1_base64="N0mHRzJ6pTjQmvScFEWgWq6Cw1A=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnosetBjBfsB7VqyabYNTbJrki2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkkH8w4pr7AfclCRrCxUuu2O3pMz7xJt1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7N7J+jEKj0URsqWNGim/p5IsdB6LALbKbAZ6EVvKv7ntRMTXvkpk3FiqCTzRWHCkYnQ9HnUY4oSw8eWYKKYvRWRAVaYGBtRwYbgLb68TBqVsndertxflKrXWRx5OIJjOAUPLqEKd1CDOhDg8Ayv8OY8OS/Ou/Mxb8052cwh/IHz+QOBhY+e</latexit>

is concave-     .
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g : C ⇥ Rm ! Rk
<latexit sha1_base64="/AuYceslXCtgE6HFNz/LRFz9z6M=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlIFxVWxG5dV7AOaWCbTaTp08mDmRimh3+HGX3HjQhF34sa/cdJmUVsPDBzOuZc593ix4Aos68dYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3rCW+a0HJhWPwjsYxcwNiB/yPqcEtNQ1bf8S17ADPGAKOwGBgeelt+P7ADuS+wMgUkaPs8awa5assjUBXiR2TkooR71rfjm9iCYBC4EKolTHtmJwUyKBU8HGRSdRLCZ0SHzW0TQkOoqbTk4b42Ot9HA/kvqFgCfq7EZKAqVGgacns4xq3svE/7xOAv0LN+VhnAAL6fSjfiIwRDjrCfe4ZBTESBNCJddZMR0QSSjoNou6BHv+5EXSrJTt03Ll5qxUvcrrKKBDdIROkI3OURVdozpqIIqe0At6Q+/Gs/FqfBif09ElI985QH9gfP8CJfKg/A==</latexit>



        is     -concave

        is continuous

Leveraging Structure in a class of Chance constraints

The spherical integration formula

The Gaussian case

                        is continuous

        is convex for all 

        is convex for all 

   is a gaussian: 

μ

We define:

μ

g(x, z) ≤ 0

g(x, z) > 0

𝕊n−1

z

ρ(x, v)

⇢(x, v) = sup
t>0

{g(x, µ+ tLv)  0}
<latexit sha1_base64="eIGkfbWVJ3FzC0jYZqkWg3XTFmU="></latexit>

g(., z)
<latexit sha1_base64="eaBouIpWuvA5iFxuJhEahWjsQTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZLkhXq0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1ByUK2dPp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwAM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fRouORg==</latexit>

g(x, .)
<latexit sha1_base64="Uz+ygngVgO7+12eO5+h2S6ZwfVQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1ByUn84qp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwAM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fRBWORA==</latexit>

z 2 Rm
<latexit sha1_base64="qtcSTuXoEL0VIwonlRReKFsWzLw=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVCUFCcYKFsaC6ENqQuW4TmvVdiLbQZQov8LCAEKs/Agbf4PTZoCWI1k6Oude3eMTxIwq7TjfVmlldW19o7xZ2dre2d2z96sdFSUSkzaOWCR7AVKEUUHammpGerEkiAeMdIPJVe53H4hUNBJ3ehoTn6ORoCHFSBtpYFefoEcF9DjS4yBIb7N7PrBrTt2ZAS4TtyA1UKA1sL+8YYQTToTGDCnVd51Y+ymSmmJGsoqXKBIjPEEj0jdUIE6Un86yZ/DYKEMYRtI8oeFM/b2RIq7UlAdmMs+oFr1c/M/rJzq88FMq4kQTgeeHwoRBHcG8CDikkmDNpoYgLKnJCvEYSYS1qatiSnAXv7xMOo26e1pv3JzVmpdFHWVwCI7ACXDBOWiCa9ACbYDBI3gGr+DNyqwX6936mI+WrGLnAPyB9fkDormULw==</latexit>

x 2 Rd
<latexit sha1_base64="I0tTMapMxQg53r7vpVcjN38RzVg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmqoMuiG5dV7AOaWibTaTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP+JMacf5tgpr6xubW8Xt0s7u3v6BfVhuqTCWhDZJyEPZ8bGinAna1Exz2okkxYHPaduf3GR++4lKxULxoGcR7QV4JNiQEayN1LfLU+QxgbwA67HvJ/fp46BvV5yqMwdaJW5OKpCj0be/vEFI4oAKTThWqus6ke4lWGpGOE1LXqxohMkEj2jXUIEDqnrJPHuKTo0yQMNQmic0mqu/NxIcKDULfDOZZVTLXib+53VjPbzqJUxEsaaCLA4NY450iLIi0IBJSjSfGYKJZCYrImMsMdGmrpIpwV3+8ipp1aruebV2d1GpX+d1FOEYTuAMXLiEOtxCA5pAYArP8ApvVmq9WO/Wx2K0YOU7R/AH1ucPkeuUJA==</latexit>

⇠
<latexit sha1_base64="/ft1KSxw56yZkWxdQXWHnM5xRb4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDOp9yRK/XLFrbpzkFXi5aQCORr98ldvELFEcY1MUmu7nhujP6UGBZN8VuollseUjemQd1OqqeLWn85vnZGzVBmQMDJpaSRz9ffElCprJypIOxXFkV32MvE/r5tgeO1PhY4T5JotFoWJJBiR7HEyEIYzlJOUUGZEeithI2oowzSeLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEInuEV3hzlvDjvzseiteDkM8fwB87nD5KAje0=</latexit>

⇠ = µ+RL⇣
<latexit sha1_base64="aZLWYfWgnr0at0IDKTrVSftg+HE=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgZBEMJuFLQRgjYWFlHMA7JLuDuZJENmH8zMinFJaeOv2FgoYusn2Pk3ziZbaOKBGQ7n3Mu993gRZ1JZ1reRm5tfWFzKLxdWVtfWN8zNrboMY0FojYQ8FE0PJOUsoDXFFKfNSFDwPU4b3uAi9Rt3VEgWBrdqGFHXh17AuoyA0lLb3HXuGT7Djh/jQ/2D6hPgyc0IXzkPVEGhbRatkjUGniV2RoooQ7VtfjmdkMQ+DRThIGXLtiLlJiAUI5yOCk4saQRkAD3a0jQAn0o3GR8ywvta6eBuKPQLFB6rvzsS8KUc+p6uTFeV014q/ue1YtU9dRMWRLGiAZkM6sYcqxCnqeAOE5QoPtQEiGB6V0z6IIAonV0agj198iypl0v2Ual8fVysnGdx5NEO2kMHyEYnqIIuURXVEEGP6Bm9ojfjyXgx3o2PSWnOyHq20R8Ynz9iEJhO</latexit>

g(x, µ)  0
<latexit sha1_base64="I3nUEMHvF6yPuK7jpUblRNyEKyE=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJUkJJUQY9FLx4r2A9oQtlsJ+3SzSbubool9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbBa2its7u3v79sFhU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXD26nfGoFULBYPepyAH5G+YCGjRBupa9v98tM59qL0DHscHrHTtUtOxZkBLxM3JyWUo961v7xeTNMIhKacKNVxnUT7GZGaUQ6TopcqSAgdkj50DBUkAuVns8sn+NQoPRzG0pTQeKb+nshIpNQ4CkxnRPRALXpT8T+vk+rw2s+YSFINgs4XhSnHOsbTGHCPSaCajw0hVDJzK6YDIgnVJqyiCcFdfHmZNKsV96JSvb8s1W7yOAroGJ2gMnLRFaqhO1RHDUTRCD2jV/RmZdaL9W59zFtXrHzmCP2B9fkDN8GSFw==</latexit>

P[g(x, ⇠)  0] =

Z

v2Sm�1

FR(⇢(x, v)dv
<latexit sha1_base64="CrJyDYWyWv58Dmya7kt2c4Ww3Rw="></latexit>

The convexity resultNon-linear couplings with elliptical distributions
Assume that for all v 2 Sm�1

<latexit sha1_base64="mbYDYj7DKXCqyGZd2dY+T9s5aG0=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCG8tMFXRZdOOyon1AZxgyadqGJpkhyRTKOAt/xY0LRdz6G+78GzPtLLT1QOBwzr3ckxPGjCrtON/W0vLK6tp6aaO8ubW9s2vv7bdUlEhMmjhikeyESBFGBWlqqhnpxJIgHjLSDkc3ud8eE6loJB70JCY+RwNB+xQjbaTAPhxDjwrocaSHYZjeZ0HKz9wssCtO1ZkCLhK3IBVQoBHYX14vwgknQmOGlOq6Tqz9FElNMSNZ2UsUiREeoQHpGioQJ8pPp/kzeGKUHuxH0jyh4VT9vZEirtSEh2Yyz6nmvVz8z+smun/lp1TEiSYCzw71EwZ1BPMyYI9KgjWbGIKwpCYrxEMkEdamsrIpwZ3/8iJp1aruebV2d1GpXxd1lMAROAanwAWXoA5uQQM0AQaP4Bm8gjfryXqx3q2P2eiSVewcgD+wPn8AV8iVqw==</latexit>

⇢(., v)
<latexit sha1_base64="HwwMnmOTaciKdRNqXbyq7KS8T/Y=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgiy7VdBj0YvHCvZD2qVk02wbmmyWJFsopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3tr6xuZXfLuzs7u0fFA+PGlqmitA6kVyqVog15SymdcMMp61EUSxCTpvh8G7mN0dUaSbjRzNOaCBwP2YRI9hY6amjBrLsXozOu8WS53pzoFXiZ6QEGWrd4lenJ0kqaGwIx1q3fS8xwQQrwwin00In1TTBZIj7tG1pjAXVwWR+8BSdWaWHIqlsxQbN1d8TEyy0HovQdgpsBnrZm4n/ee3URDfBhMVJamhMFouilCMj0ex71GOKEsPHlmCimL0VkQFWmBibUcGG4C+/vEoaFde/dCsPV6XqbRZHHk7gFMrgwzVU4R5qUAcCAp7hFd4c5bw4787HojXnZDPH8AfO5w+Z84+e</latexit>

There exists                   such that:Gv : R+ ! R
<latexit sha1_base64="efmiujhxfstSh0s3l0wSev/ZAws=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUJIqKK6KLnRZxT6gCWEynbRDJ5MwM6mU0E9w46+4caGIW5fu/BsnbRa19cCFwzn3cu89fsyoVJb1YywsLi2vrBbWiusbm1vb5s5uQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpp+/zrzmwMiJI34gxrGxA1Rl9OAYqS05JlHN97g0gmR6vl+ej/yTqAjaLenkBDRI5wyzJJVtsaA88TOSQnkqHnmt9OJcBISrjBDUrZtK1ZuioSimJFR0UkkiRHuoy5pa8pRSKSbjh8awUOtdGAQCV1cwbE6PZGiUMph6OvO7EI562Xif147UcGFm1IeJ4pwPFkUJAyqCGbpwA4VBCs21ARhQfWtEPeQQFjpDIs6BHv25XnSqJTt03Ll7qxUvcrjKIB9cACOgQ3OQRXcghqoAwyewAt4A+/Gs/FqfBifk9YFI5/ZA39gfP0C4bKdIg==</latexit>

is strictly monotonic.Gv
<latexit sha1_base64="S9OvB9EwusKCETLDoDffzteowE4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3qMaB6QLGF20psMmZ1dZmYDIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSyfzDhBP6J9yUPOqLHS41131C2W3LI7B1klXkZKkKHWLX51ejFLI5SGCap123MT40+oMpwJnBY6qcaEsiHtY9tSSSPU/mR+6pScWaVHwljZkobM1d8TExppPY4C2xlRM9DL3kz8z2unJrz2J1wmqUHJFovCVBATk9nfpMcVMiPGllCmuL2VsAFVlBmbTsGG4C2/vEoalbJ3Ua48XJaqN1kceTiBUzgHD66gCvdQgzow6MMzvMKbI5wX5935WLTmnGzmGP7A+fwBKuyNuA==</latexit>

FR
<latexit sha1_base64="3bpzN/FUusD3F9xQgScb+kEwdHQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0GVREJdV7APaECbTaTt0MgkzE6GGfIkbF4q49VPc+TdO2iy09cDA4Zx7uWdOEHOmtON8Wyura+sbm6Wt8vbO7l7F3j9oqyiRhLZIxCPZDbCinAna0kxz2o0lxWHAaSeYXOd+55FKxSLxoKcx9UI8EmzICNZG8u3KjZ/2Q6zHBPP0Pst8u+rUnBnQMnELUoUCTd/+6g8ikoRUaMKxUj3XibWXYqkZ4TQr9xNFY0wmeER7hgocUuWls+AZOjHKAA0jaZ7QaKb+3khxqNQ0DMxknlEtern4n9dL9PDSS5mIE00FmR8aJhzpCOUtoAGTlGg+NQQTyUxWRMZYYqJNV2VTgrv45WXSrtfcs1r97rzauCrqKMERHMMpuHABDbiFJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/ABwtk2I=</latexit>

⇢(., v)
<latexit sha1_base64="HwwMnmOTaciKdRNqXbyq7KS8T/Y=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgiy7VdBj0YvHCvZD2qVk02wbmmyWJFsopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3tr6xuZXfLuzs7u0fFA+PGlqmitA6kVyqVog15SymdcMMp61EUSxCTpvh8G7mN0dUaSbjRzNOaCBwP2YRI9hY6amjBrLsXozOu8WS53pzoFXiZ6QEGWrd4lenJ0kqaGwIx1q3fS8xwQQrwwin00In1TTBZIj7tG1pjAXVwWR+8BSdWaWHIqlsxQbN1d8TEyy0HovQdgpsBnrZm4n/ee3URDfBhMVJamhMFouilCMj0ex71GOKEsPHlmCimL0VkQFWmBibUcGG4C+/vEoaFde/dCsPV6XqbRZHHk7gFMrgwzVU4R5qUAcCAp7hFd4c5bw4787HojXnZDPH8AfO5w+Z84+e</latexit>

Gv
<latexit sha1_base64="S9OvB9EwusKCETLDoDffzteowE4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3qMaB6QLGF20psMmZ1dZmYDIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSyfzDhBP6J9yUPOqLHS41131C2W3LI7B1klXkZKkKHWLX51ejFLI5SGCap123MT40+oMpwJnBY6qcaEsiHtY9tSSSPU/mR+6pScWaVHwljZkobM1d8TExppPY4C2xlRM9DL3kz8z2unJrz2J1wmqUHJFovCVBATk9nfpMcVMiPGllCmuL2VsAFVlBmbTsGG4C2/vEoalbJ3Ua48XJaqN1kceTiBUzgHD66gCvdQgzow6MMzvMKbI5wX5935WLTmnGzmGP7A+fwBKuyNuA==</latexit>

G�1
v

<latexit sha1_base64="N0mHRzJ6pTjQmvScFEWgWq6Cw1A=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnosetBjBfsB7VqyabYNTbJrki2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkkH8w4pr7AfclCRrCxUuu2O3pMz7xJt1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7N7J+jEKj0URsqWNGim/p5IsdB6LALbKbAZ6EVvKv7ntRMTXvkpk3FiqCTzRWHCkYnQ9HnUY4oSw8eWYKKYvRWRAVaYGBtRwYbgLb68TBqVsndertxflKrXWRx5OIJjOAUPLqEKd1CDOhDg8Ayv8OY8OS/Ou/Mxb8052cwh/IHz+QOBhY+e</latexit>

is concave-     .

Then, the set                                              

is convex for all                              with

Mp = {x,P[g(x, ⇠)  0] � p}
<latexit sha1_base64="xIIoEOBpmzkAGDaYEvdsm/JyTFg=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVpCRV0I1QdONGqGAfkIQwmU7SoZOHMxNpCfkPN/6KGxeKuBJc+DdO2i609cAwZ865l7n3eAmjQhrGt7awuLS8slpaK69vbG5t6zu7bRGnHJMWjlnMux4ShNGItCSVjHQTTlDoMdLxBleF33kgXNA4upOjhDghCiLqU4ykkly9fuNmSQ4voJ0Nj6EdItn3vKyZW0G1eA/pEbQZuYeGA+1A3Ymdu3rFqBljwHliTkkFTNF09U+7F+M0JJHEDAlhmUYinQxxSTEjedlOBUkQHqCAWIpGKCTCyca75fBQKT3ox1ydSMKx+rsjQ6EQo9BTlcXwYtYrxP88K5X+uZPRKEklifDkIz9lUMawCAr2KCdYspEiCHOqZoW4jzjCUsVZViGYsyvPk3a9Zp7U6renlcblNI4S2AcHoApMcAYa4Bo0QQtg8AiewSt40560F+1d+5iULmjTnj3wB9rXD/vfn4I=</latexit>

p � p? = max

✓
1

2
, p0

◆

<latexit sha1_base64="fkNTf10xUfmd3ovoJSrvgsA3I8Y=">AAACGHicbVDLSgNBEJz1bXxFPXoZDKKCxN0o6EUQvXhUMCaQjWF20psMmd0dZ3rFsOQzvPgrXjwo4tWbf+PkcdBoQUNR1U13V6CkMOi6X87E5NT0zOzcfG5hcWl5Jb+6dmOSVHMo80QmuhowA1LEUEaBEqpKA4sCCZWgc973K/egjUjia+wqqEesFYtQcIZWauT3FfVbcEfVrW+Q6RM/Yg++hBB3/FAznnm9rNTbo2rb16LVxt1GvuAW3QHoX+KNSIGMcNnIf/rNhKcRxMglM6bmuQrrGdMouIRezk8NKMY7rAU1S2MWgalng8d6dMsqTRom2laMdKD+nMhYZEw3CmxnxLBtxr2++J9XSzE8rmciVilCzIeLwlRSTGg/JdoUGjjKriWMa2FvpbzNbCBos8zZELzxl/+Sm1LROyiWrg4Lp2ejOObIBtkkO8QjR+SUXJBLUiacPJJn8krenCfnxXl3PoatE85oZp38gvP5Dbsqn5E=</latexit>

p0 = inf q 2 [0,
1

2
]

✓
1

2
� q

◆
FR

✓
t?

�(q)

◆
+

1

2
+ q

<latexit sha1_base64="MkfdgrEBkkQnyQFdL8ovR6IfU+Y="></latexit>

Bi

✓
m� 1

2
,
1

2
, sin2(arccos(�))

◆
= (1� 2q)Bc

✓
m� 1

2
,
1

2

◆

<latexit sha1_base64="A7O8NcFlHWZ+9foWeYXew/rfeQQ="></latexit>

and      the unique solution of:�(q)
<latexit sha1_base64="9Zd98FbZi459VbEcLAjmUpDW+zY=">AAAB8HicbVBNTwIxEO3iF+IX6tFLIzHBC9lFEz0SvXjEREADG9LtzkJD213brgnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmBQln2rjut1NYWV1b3yhulra2d3b3yvsHbR2nikKLxjxW9wHRwJmElmGGw32igIiAQycYXU/9zhMozWJ5Z8YJ+IIMJIsYJcZKD70QuCHVx9N+ueLW3BnwMvFyUkE5mv3yVy+MaSpAGsqJ1l3PTYyfEWUY5TAp9VINCaEjMoCupZII0H42O3iCT6wS4ihWtqTBM/X3REaE1mMR2E5BzFAvelPxP6+bmujSz5hMUgOSzhdFKccmxtPvccgUUMPHlhCqmL0V0yFRhBqbUcmG4C2+vEza9Zp3VqvfnlcaV3kcRXSEjlEVeegCNdANaqIWokigZ/SK3hzlvDjvzse8teDkM4foD5zPHy/DkAA=</latexit>

18

There exists    such that: t?
<latexit sha1_base64="Kxrx5mD9ERMjflVbx4f/iNLeYxU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilNj72DFLdL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7ulJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmv5OB0JyhnFhCmRb2VsJGVFOGNqGSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYDCGZ3iFNydxXpx352PRWnDymWP4A+fzB3+oj6w=</latexit>

g : C ⇥ Rm ! Rk
<latexit sha1_base64="/AuYceslXCtgE6HFNz/LRFz9z6M=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlIFxVWxG5dV7AOaWCbTaTp08mDmRimh3+HGX3HjQhF34sa/cdJmUVsPDBzOuZc593ix4Aos68dYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3rCW+a0HJhWPwjsYxcwNiB/yPqcEtNQ1bf8S17ADPGAKOwGBgeelt+P7ADuS+wMgUkaPs8awa5assjUBXiR2TkooR71rfjm9iCYBC4EKolTHtmJwUyKBU8HGRSdRLCZ0SHzW0TQkOoqbTk4b42Ot9HA/kvqFgCfq7EZKAqVGgacns4xq3svE/7xOAv0LN+VhnAAL6fSjfiIwRDjrCfe4ZBTESBNCJddZMR0QSSjoNou6BHv+5EXSrJTt03Ll5qxUvcrrKKBDdIROkI3OURVdozpqIIqe0At6Q+/Gs/FqfBif09ElI985QH9gfP8CJfKg/A==</latexit>

{x 2 Rd : ⇢(x, v) � t?} ✓ C
<latexit sha1_base64="trHx07N7hVYy6wMEgYZrVR5DC3E="></latexit>



Application Examples

The linear case
Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>
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Application Examples

The linear case
Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

 centered multi-variate 
gaussian random matrix

m × d
2 (R⇤

+)
m

<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>

19



Application Examples

The linear case

Proof leverages   -concavity               of the 
radial function    and and the concave-   
property of 1D-gaussian random variables. 

Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

(↵ = �1)
<latexit sha1_base64="qzSfFrK9jyKoUToxNoSxPmtDsh8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnoRil48VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WjGCQ1iPBAsYgQbK/mVLubJEN+ce2e9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010HWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtGpV76Jae7gs12/zOApwDCdQAQ+uoA730IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ALexkDo=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>
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 centered multi-variate 
gaussian random matrix

m × d



Application Examples

The linear case The Quadratic case

Proof leverages   -concavity               of the 
radial function    and and the concave-   
property of 1D-gaussian random variables. 

Consider:Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

(↵ = �1)
<latexit sha1_base64="qzSfFrK9jyKoUToxNoSxPmtDsh8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnoRil48VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WjGCQ1iPBAsYgQbK/mVLubJEN+ce2e9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010HWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtGpV76Jae7gs12/zOApwDCdQAQ+uoA730IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ALexkDo=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>

g(x, z) = z>W (x)z + 2
nX

i=1

aiw
>
i zi + b

<latexit sha1_base64="dcv1xSYZFfJIlKf4r9F6Gvt2NhM="></latexit>

Symmetric definite positive 
with convex eigenvalues in x

 0
<latexit sha1_base64="9LLZTOVi27zCYvaqdeUw8fdeNPk=">AAACGHicdZDLSgMxGIUz9VbrrerSTbAILmScaae3XdGNywr2Au1QMmnahmYuJhmhDPMYbnwVNy4Ucdudb2NmWqGKHgh8nPMn+TlOwKiQhvGpZdbWNza3stu5nd29/YP84VFb+CHHpIV95vOugwRh1CMtSSUj3YAT5DqMdJzpdZJ3HggX1Pfu5CwgtovGHh1RjKSyBvnLqJ8+0uNjx44MvVSulMu1ixSsUjGBilUvV+M+I/fQiAf5gqkbqaCh15Wq1hLqJvyOCmCp5iA/7w99HLrEk5ghIXqmEUg7QlxSzEic64eCBAhP0Zj0FHrIJcKO0p1ieKacIRz5XB1PwtRdvREhV4iZ66hJF8mJ+J0l5l9ZL5Sjmh1RLwgl8fDio1HIoPRh0hIcUk6wZDMFCHOqdoV4gjjCUnWZWy3hf2gXdbOkF2+tQuNqWUcWnIBTcA5MUAUNcAOaoAUweATP4BW8aU/ai/aufSxGM9ryzjH4IW3+BZMjnFo=</latexit>

and ⇠
<latexit sha1_base64="iC9ww0gRNafFEso+BfMjDcEv+vw=">AAACFXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSC7W7ohuXFewDklAm00k7dPJgZiKWkJ9w46+4caGIW8Gdf+M0jeDzwIUz59w793K8mFEhTfNdKy0tr6yuldcrG5tb2zv67l5PRAnHpIsjFvGBhwRhNCRdSSUjg5gTFHiM9L3p+dzvXxMuaBReyVlM3ACNQ+pTjKSShnotdfJPbD723NQ0zBy1XyRzbmg21KtW8Yam0VJoNgrSsuCnVQUFOkP9zRlFOAlIKDFDQtiWGUs3RVxSzEhWcRJBYoSnaExsRUMUEOGm+UEZPFLKCPoRVxVKmKtfJ1IUCDELPNUZIDkRP725+JdnJ9I/dVMaxokkIV4s8hMGZQTnEcER5QRLNlMEYU7VrRBPEEdYqiArX0P4n/TqhnVi1C8b1fZZEUcZHIBDcAws0ARtcAE6oAswuAX34BE8aXfag/asvSxaS1oxsw++QXv9AGPgmzI=</latexit>

a multivariate Gaussian random vector.
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Application Examples

The linear case The Quadratic case

Then,

Proof leverages   -concavity               of the 
radial function    and and the concave-   
property of 1D-gaussian random variables. 

Consider:Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

(↵ = �1)
<latexit sha1_base64="qzSfFrK9jyKoUToxNoSxPmtDsh8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnoRil48VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WjGCQ1iPBAsYgQbK/mVLubJEN+ce2e9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010HWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtGpV76Jae7gs12/zOApwDCdQAQ+uoA730IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ALexkDo=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>

g(x, z) = z>W (x)z + 2
nX

i=1

aiw
>
i zi + b

<latexit sha1_base64="dcv1xSYZFfJIlKf4r9F6Gvt2NhM="></latexit>

Symmetric definite positive 
with convex eigenvalues in x

 0
<latexit sha1_base64="9LLZTOVi27zCYvaqdeUw8fdeNPk=">AAACGHicdZDLSgMxGIUz9VbrrerSTbAILmScaae3XdGNywr2Au1QMmnahmYuJhmhDPMYbnwVNy4Ucdudb2NmWqGKHgh8nPMn+TlOwKiQhvGpZdbWNza3stu5nd29/YP84VFb+CHHpIV95vOugwRh1CMtSSUj3YAT5DqMdJzpdZJ3HggX1Pfu5CwgtovGHh1RjKSyBvnLqJ8+0uNjx44MvVSulMu1ixSsUjGBilUvV+M+I/fQiAf5gqkbqaCh15Wq1hLqJvyOCmCp5iA/7w99HLrEk5ghIXqmEUg7QlxSzEic64eCBAhP0Zj0FHrIJcKO0p1ieKacIRz5XB1PwtRdvREhV4iZ66hJF8mJ+J0l5l9ZL5Sjmh1RLwgl8fDio1HIoPRh0hIcUk6wZDMFCHOqdoV4gjjCUnWZWy3hf2gXdbOkF2+tQuNqWUcWnIBTcA5MUAUNcAOaoAUweATP4BW8aU/ai/aufSxGM9ryzjH4IW3+BZMjnFo=</latexit>

Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all

and ⇠
<latexit sha1_base64="iC9ww0gRNafFEso+BfMjDcEv+vw=">AAACFXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSC7W7ohuXFewDklAm00k7dPJgZiKWkJ9w46+4caGIW8Gdf+M0jeDzwIUz59w793K8mFEhTfNdKy0tr6yuldcrG5tb2zv67l5PRAnHpIsjFvGBhwRhNCRdSSUjg5gTFHiM9L3p+dzvXxMuaBReyVlM3ACNQ+pTjKSShnotdfJPbD723NQ0zBy1XyRzbmg21KtW8Yam0VJoNgrSsuCnVQUFOkP9zRlFOAlIKDFDQtiWGUs3RVxSzEhWcRJBYoSnaExsRUMUEOGm+UEZPFLKCPoRVxVKmKtfJ1IUCDELPNUZIDkRP725+JdnJ9I/dVMaxokkIV4s8hMGZQTnEcER5QRLNlMEYU7VrRBPEEdYqiArX0P4n/TqhnVi1C8b1fZZEUcZHIBDcAws0ARtcAE6oAswuAX34BE8aXfag/asvSxaS1oxsw++QXv9AGPgmzI=</latexit>

a multivariate Gaussian random vector.

p � �(
p
m+ 3)

<latexit sha1_base64="h6tzIu7TzdyV1QPgD/aDNVKDT3E=">AAACKXicdVDLSsNAFJ34rPUVdelmsAgVpSRtoXZXdOOygn1AE8pkOkmHTh6dmQgl5Hfc+CtuFBR16484bSPU14GBwznn3rkcJ2JUSMN405aWV1bX1nMb+c2t7Z1dfW+/LcKYY9LCIQt510GCMBqQlqSSkW7ECfIdRjrO6HLqd24JFzQMbuQkIraPvIC6FCOppL7eSKzZkh73HDsxSsYMZ79IGkHLI2NoNYe0aIkxl4l/WklP0r5eMLMMNEp1hVo1I3UTflkFkKHZ15+sQYhjnwQSMyREzzQiaSeIS4oZSfNWLEiE8Ah5pKdogHwi7GR2ZAqPlTKAbsjVCyScqYsTCfKFmPiOSvpIDsVPbyr+5fVi6Z7bCQ2iWJIAzz9yYwZlCKe1wQHlBEs2UQRhTtWtEA8RR1iqcvOLJfxP2uWSWSmVr6uFxkVWRw4cgiNQBCaogQa4Ak3QAhjcgQfwDF60e+1Re9Xe59ElLZs5AN+gfXwCxB2ivQ==</latexit>
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Application Examples

The linear case The Quadratic case

Then,

Proof leverages   -concavity               of the 
radial function    and and the concave-   
property of 1D-gaussian random variables. 

Consider:Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

(↵ = �1)
<latexit sha1_base64="qzSfFrK9jyKoUToxNoSxPmtDsh8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnoRil48VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WjGCQ1iPBAsYgQbK/mVLubJEN+ce2e9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010HWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtGpV76Jae7gs12/zOApwDCdQAQ+uoA730IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ALexkDo=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>

g(x, z) = z>W (x)z + 2
nX

i=1

aiw
>
i zi + b

<latexit sha1_base64="dcv1xSYZFfJIlKf4r9F6Gvt2NhM="></latexit>

Symmetric definite positive 
with convex eigenvalues in x

 0
<latexit sha1_base64="9LLZTOVi27zCYvaqdeUw8fdeNPk=">AAACGHicdZDLSgMxGIUz9VbrrerSTbAILmScaae3XdGNywr2Au1QMmnahmYuJhmhDPMYbnwVNy4Ucdudb2NmWqGKHgh8nPMn+TlOwKiQhvGpZdbWNza3stu5nd29/YP84VFb+CHHpIV95vOugwRh1CMtSSUj3YAT5DqMdJzpdZJ3HggX1Pfu5CwgtovGHh1RjKSyBvnLqJ8+0uNjx44MvVSulMu1ixSsUjGBilUvV+M+I/fQiAf5gqkbqaCh15Wq1hLqJvyOCmCp5iA/7w99HLrEk5ghIXqmEUg7QlxSzEic64eCBAhP0Zj0FHrIJcKO0p1ieKacIRz5XB1PwtRdvREhV4iZ66hJF8mJ+J0l5l9ZL5Sjmh1RLwgl8fDio1HIoPRh0hIcUk6wZDMFCHOqdoV4gjjCUnWZWy3hf2gXdbOkF2+tQuNqWUcWnIBTcA5MUAUNcAOaoAUweATP4BW8aU/ai/aufSxGM9ryzjH4IW3+BZMjnFo=</latexit>

Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all

and ⇠
<latexit sha1_base64="iC9ww0gRNafFEso+BfMjDcEv+vw=">AAACFXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSC7W7ohuXFewDklAm00k7dPJgZiKWkJ9w46+4caGIW8Gdf+M0jeDzwIUz59w793K8mFEhTfNdKy0tr6yuldcrG5tb2zv67l5PRAnHpIsjFvGBhwRhNCRdSSUjg5gTFHiM9L3p+dzvXxMuaBReyVlM3ACNQ+pTjKSShnotdfJPbD723NQ0zBy1XyRzbmg21KtW8Yam0VJoNgrSsuCnVQUFOkP9zRlFOAlIKDFDQtiWGUs3RVxSzEhWcRJBYoSnaExsRUMUEOGm+UEZPFLKCPoRVxVKmKtfJ1IUCDELPNUZIDkRP725+JdnJ9I/dVMaxokkIV4s8hMGZQTnEcER5QRLNlMEYU7VrRBPEEdYqiArX0P4n/TqhnVi1C8b1fZZEUcZHIBDcAws0ARtcAE6oAswuAX34BE8aXfag/asvSxaS1oxsw++QXv9AGPgmzI=</latexit>

a multivariate Gaussian random vector.

p � �(
p
m+ 3)

<latexit sha1_base64="h6tzIu7TzdyV1QPgD/aDNVKDT3E=">AAACKXicdVDLSsNAFJ34rPUVdelmsAgVpSRtoXZXdOOygn1AE8pkOkmHTh6dmQgl5Hfc+CtuFBR16484bSPU14GBwznn3rkcJ2JUSMN405aWV1bX1nMb+c2t7Z1dfW+/LcKYY9LCIQt510GCMBqQlqSSkW7ECfIdRjrO6HLqd24JFzQMbuQkIraPvIC6FCOppL7eSKzZkh73HDsxSsYMZ79IGkHLI2NoNYe0aIkxl4l/WklP0r5eMLMMNEp1hVo1I3UTflkFkKHZ15+sQYhjnwQSMyREzzQiaSeIS4oZSfNWLEiE8Ah5pKdogHwi7GR2ZAqPlTKAbsjVCyScqYsTCfKFmPiOSvpIDsVPbyr+5fVi6Z7bCQ2iWJIAzz9yYwZlCKe1wQHlBEs2UQRhTtWtEA8RR1iqcvOLJfxP2uWSWSmVr6uFxkVWRw4cgiNQBCaogQa4Ak3QAhjcgQfwDF60e+1Re9Xe59ElLZs5AN+gfXwCxB2ivQ==</latexit>

⇢(x, v) = sup
t�0

{t, g(x, µ+ tLv)  0} =
��(v) +

p
�2(v)� bh(x, v)

h(x, v)
<latexit sha1_base64="fSzb8ZU2s6AY9hdGzFdZe0GcEJM="></latexit>

Proof is more involved
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Application Examples

The linear case The Quadratic case

Then,

Proof leverages   -concavity               of the 
radial function    and and the concave-   
property of 1D-gaussian random variables. 

Consider:Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

(↵ = �1)
<latexit sha1_base64="qzSfFrK9jyKoUToxNoSxPmtDsh8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnoRil48VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WjGCQ1iPBAsYgQbK/mVLubJEN+ce2e9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010HWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtGpV76Jae7gs12/zOApwDCdQAQ+uoA730IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ALexkDo=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>

g(x, z) = z>W (x)z + 2
nX

i=1

aiw
>
i zi + b

<latexit sha1_base64="dcv1xSYZFfJIlKf4r9F6Gvt2NhM="></latexit>

Symmetric definite positive 
with convex eigenvalues in x

 0
<latexit sha1_base64="9LLZTOVi27zCYvaqdeUw8fdeNPk=">AAACGHicdZDLSgMxGIUz9VbrrerSTbAILmScaae3XdGNywr2Au1QMmnahmYuJhmhDPMYbnwVNy4Ucdudb2NmWqGKHgh8nPMn+TlOwKiQhvGpZdbWNza3stu5nd29/YP84VFb+CHHpIV95vOugwRh1CMtSSUj3YAT5DqMdJzpdZJ3HggX1Pfu5CwgtovGHh1RjKSyBvnLqJ8+0uNjx44MvVSulMu1ixSsUjGBilUvV+M+I/fQiAf5gqkbqaCh15Wq1hLqJvyOCmCp5iA/7w99HLrEk5ghIXqmEUg7QlxSzEic64eCBAhP0Zj0FHrIJcKO0p1ieKacIRz5XB1PwtRdvREhV4iZ66hJF8mJ+J0l5l9ZL5Sjmh1RLwgl8fDio1HIoPRh0hIcUk6wZDMFCHOqdoV4gjjCUnWZWy3hf2gXdbOkF2+tQuNqWUcWnIBTcA5MUAUNcAOaoAUweATP4BW8aU/ai/aufSxGM9ryzjH4IW3+BZMjnFo=</latexit>

Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all

and ⇠
<latexit sha1_base64="iC9ww0gRNafFEso+BfMjDcEv+vw=">AAACFXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSC7W7ohuXFewDklAm00k7dPJgZiKWkJ9w46+4caGIW8Gdf+M0jeDzwIUz59w793K8mFEhTfNdKy0tr6yuldcrG5tb2zv67l5PRAnHpIsjFvGBhwRhNCRdSSUjg5gTFHiM9L3p+dzvXxMuaBReyVlM3ACNQ+pTjKSShnotdfJPbD723NQ0zBy1XyRzbmg21KtW8Yam0VJoNgrSsuCnVQUFOkP9zRlFOAlIKDFDQtiWGUs3RVxSzEhWcRJBYoSnaExsRUMUEOGm+UEZPFLKCPoRVxVKmKtfJ1IUCDELPNUZIDkRP725+JdnJ9I/dVMaxokkIV4s8hMGZQTnEcER5QRLNlMEYU7VrRBPEEdYqiArX0P4n/TqhnVi1C8b1fZZEUcZHIBDcAws0ARtcAE6oAswuAX34BE8aXfag/asvSxaS1oxsw++QXv9AGPgmzI=</latexit>

a multivariate Gaussian random vector.

p � �(
p
m+ 3)

<latexit sha1_base64="h6tzIu7TzdyV1QPgD/aDNVKDT3E=">AAACKXicdVDLSsNAFJ34rPUVdelmsAgVpSRtoXZXdOOygn1AE8pkOkmHTh6dmQgl5Hfc+CtuFBR16484bSPU14GBwznn3rkcJ2JUSMN405aWV1bX1nMb+c2t7Z1dfW+/LcKYY9LCIQt510GCMBqQlqSSkW7ECfIdRjrO6HLqd24JFzQMbuQkIraPvIC6FCOppL7eSKzZkh73HDsxSsYMZ79IGkHLI2NoNYe0aIkxl4l/WklP0r5eMLMMNEp1hVo1I3UTflkFkKHZ15+sQYhjnwQSMyREzzQiaSeIS4oZSfNWLEiE8Ah5pKdogHwi7GR2ZAqPlTKAbsjVCyScqYsTCfKFmPiOSvpIDsVPbyr+5fVi6Z7bCQ2iWJIAzz9yYwZlCKe1wQHlBEs2UQRhTtWtEA8RR1iqcvOLJfxP2uWSWSmVr6uFxkVWRw4cgiNQBCaogQa4Ak3QAhjcgQfwDF60e+1Re9Xe59ElLZs5AN+gfXwCxB2ivQ==</latexit>

⇢(x, v) = sup
t�0

{t, g(x, µ+ tLv)  0} =
��(v) +

p
�2(v)� bh(x, v)

h(x, v)
<latexit sha1_base64="fSzb8ZU2s6AY9hdGzFdZe0GcEJM="></latexit>

Proof is more involved

:= (Lv)>W (x)Lv
<latexit sha1_base64="d3j5JS5e4kwGragO3DmSPImJQRQ=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiAklzCTPYIQ9OIhhwhmgWQMPZ1O0qRnobsnGIfgr3jxoIhX/8Obf2NnEkFFHxQ83quiqp7tMyqkYXxoS8srq2vrsY345tb2zq6+t98QXsAxqWOPebxlI0EYdUldUslIy+cEOTYjTXt0MfObY8IF9dxrOfGJ5aCBS/sUI6mkrn54egaT1XHqpiM9HzaTtylYHXf1hJHOlAp5Mw8jki0ZM1LOFQtlaKaNCAmwQK2rv3d6Hg4c4krMkBBt0/ClFSIuKWZkGu8EgvgIj9CAtBV1kUOEFUbXT+GJUnqw73FVroSR+n0iRI4QE8dWnQ6SQ/Hbm4l/ee1A9ktWSF0/kMTF80X9gEHpwVkUsEc5wZJNFEGYU3UrxEPEEZYqsLgK4etT+D9pZNJmNp25yiUq54s4YuAIHIMkMEERVMAlqIE6wOAOPIAn8Kzda4/ai/Y6b13SFjMH4Ae0t0/+P5Or</latexit>

:=
dX

i=1

aiw
>
i Lv

<latexit sha1_base64="IELdiiyoYBqhxEYCXk63Oa3hRQU="></latexit>
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Application Examples

The linear case The Quadratic case

Then,

Proof leverages   -concavity               of the 
radial function    and and the concave-   
property of 1D-gaussian random variables. 

Consider:Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

(↵ = �1)
<latexit sha1_base64="qzSfFrK9jyKoUToxNoSxPmtDsh8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnoRil48VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WjGCQ1iPBAsYgQbK/mVLubJEN+ce2e9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010HWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtGpV76Jae7gs12/zOApwDCdQAQ+uoA730IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ALexkDo=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>

g(x, z) = z>W (x)z + 2
nX

i=1

aiw
>
i zi + b

<latexit sha1_base64="dcv1xSYZFfJIlKf4r9F6Gvt2NhM="></latexit>

Symmetric definite positive 
with convex eigenvalues in x

 0
<latexit sha1_base64="9LLZTOVi27zCYvaqdeUw8fdeNPk=">AAACGHicdZDLSgMxGIUz9VbrrerSTbAILmScaae3XdGNywr2Au1QMmnahmYuJhmhDPMYbnwVNy4Ucdudb2NmWqGKHgh8nPMn+TlOwKiQhvGpZdbWNza3stu5nd29/YP84VFb+CHHpIV95vOugwRh1CMtSSUj3YAT5DqMdJzpdZJ3HggX1Pfu5CwgtovGHh1RjKSyBvnLqJ8+0uNjx44MvVSulMu1ixSsUjGBilUvV+M+I/fQiAf5gqkbqaCh15Wq1hLqJvyOCmCp5iA/7w99HLrEk5ghIXqmEUg7QlxSzEic64eCBAhP0Zj0FHrIJcKO0p1ieKacIRz5XB1PwtRdvREhV4iZ66hJF8mJ+J0l5l9ZL5Sjmh1RLwgl8fDio1HIoPRh0hIcUk6wZDMFCHOqdoV4gjjCUnWZWy3hf2gXdbOkF2+tQuNqWUcWnIBTcA5MUAUNcAOaoAUweATP4BW8aU/ai/aufSxGM9ryzjH4IW3+BZMjnFo=</latexit>

Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all

and ⇠
<latexit sha1_base64="iC9ww0gRNafFEso+BfMjDcEv+vw=">AAACFXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSC7W7ohuXFewDklAm00k7dPJgZiKWkJ9w46+4caGIW8Gdf+M0jeDzwIUz59w793K8mFEhTfNdKy0tr6yuldcrG5tb2zv67l5PRAnHpIsjFvGBhwRhNCRdSSUjg5gTFHiM9L3p+dzvXxMuaBReyVlM3ACNQ+pTjKSShnotdfJPbD723NQ0zBy1XyRzbmg21KtW8Yam0VJoNgrSsuCnVQUFOkP9zRlFOAlIKDFDQtiWGUs3RVxSzEhWcRJBYoSnaExsRUMUEOGm+UEZPFLKCPoRVxVKmKtfJ1IUCDELPNUZIDkRP725+JdnJ9I/dVMaxokkIV4s8hMGZQTnEcER5QRLNlMEYU7VrRBPEEdYqiArX0P4n/TqhnVi1C8b1fZZEUcZHIBDcAws0ARtcAE6oAswuAX34BE8aXfag/asvSxaS1oxsw++QXv9AGPgmzI=</latexit>

a multivariate Gaussian random vector.

p � �(
p
m+ 3)

<latexit sha1_base64="h6tzIu7TzdyV1QPgD/aDNVKDT3E=">AAACKXicdVDLSsNAFJ34rPUVdelmsAgVpSRtoXZXdOOygn1AE8pkOkmHTh6dmQgl5Hfc+CtuFBR16484bSPU14GBwznn3rkcJ2JUSMN405aWV1bX1nMb+c2t7Z1dfW+/LcKYY9LCIQt510GCMBqQlqSSkW7ECfIdRjrO6HLqd24JFzQMbuQkIraPvIC6FCOppL7eSKzZkh73HDsxSsYMZ79IGkHLI2NoNYe0aIkxl4l/WklP0r5eMLMMNEp1hVo1I3UTflkFkKHZ15+sQYhjnwQSMyREzzQiaSeIS4oZSfNWLEiE8Ah5pKdogHwi7GR2ZAqPlTKAbsjVCyScqYsTCfKFmPiOSvpIDsVPbyr+5fVi6Z7bCQ2iWJIAzz9yYwZlCKe1wQHlBEs2UQRhTtWtEA8RR1iqcvOLJfxP2uWSWSmVr6uFxkVWRw4cgiNQBCaogQa4Ak3QAhjcgQfwDF60e+1Re9Xe59ElLZs5AN+gfXwCxB2ivQ==</latexit>

⇢(x, v) = sup
t�0

{t, g(x, µ+ tLv)  0} =
��(v) +

p
�2(v)� bh(x, v)

h(x, v)
<latexit sha1_base64="fSzb8ZU2s6AY9hdGzFdZe0GcEJM="></latexit>

Proof is more involved

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

Gv
<latexit sha1_base64="S9OvB9EwusKCETLDoDffzteowE4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3qMaB6QLGF20psMmZ1dZmYDIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSyfzDhBP6J9yUPOqLHS41131C2W3LI7B1klXkZKkKHWLX51ejFLI5SGCap123MT40+oMpwJnBY6qcaEsiHtY9tSSSPU/mR+6pScWaVHwljZkobM1d8TExppPY4C2xlRM9DL3kz8z2unJrz2J1wmqUHJFovCVBATk9nfpMcVMiPGllCmuL2VsAFVlBmbTsGG4C2/vEoalbJ3Ua48XJaqN1kceTiBUzgHD66gCvdQgzow6MMzvMKbI5wX5935WLTmnGzmGP7A+fwBKuyNuA==</latexit>

Gv(t) = �
✓
b

t
+ �(v)

◆2

<latexit sha1_base64="K4RoD32JDhY8xeVq+n5swdyhrQc=">AAACGHicbVDLSgNBEJz1bXxFPXoZDEKCGHejoBdB9KDHCMYEsjHMTnqTIbMPZnoDYclnePFXvHhQxGtu/o2TmIMmFjQUVd10d3mxFBpt+8uam19YXFpeWc2srW9sbmW3dx50lCgOFR7JSNU8pkGKECooUEItVsACT0LV616P/GoPlBZReI/9GBoBa4fCF5yhkZrZ45tmL48FekGPXAk+5l1fMZ56gxQH9JC6HiDL9wquEu0OFh5LzWzOLtpj0FniTEiOTFBuZoduK+JJACFyybSuO3aMjZQpFFzCIOMmGmLGu6wNdUNDFoBupOPHBvTAKC3qR8pUiHSs/p5IWaB1P/BMZ8Cwo6e9kfifV0/QP2+kIowThJD/LPITSTGio5RoSyjgKPuGMK6EuZXyDjPJoMkyY0Jwpl+eJQ+lonNSLN2d5i6vJnGskD2yT/LEIWfkktySMqkQTp7IC3kj79az9Wp9WJ8/rXPWZGaX/IE1/Aa6dZ5a</latexit>

is    -concave with 
:= (Lv)>W (x)Lv

<latexit sha1_base64="d3j5JS5e4kwGragO3DmSPImJQRQ=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiAklzCTPYIQ9OIhhwhmgWQMPZ1O0qRnobsnGIfgr3jxoIhX/8Obf2NnEkFFHxQ83quiqp7tMyqkYXxoS8srq2vrsY345tb2zq6+t98QXsAxqWOPebxlI0EYdUldUslIy+cEOTYjTXt0MfObY8IF9dxrOfGJ5aCBS/sUI6mkrn54egaT1XHqpiM9HzaTtylYHXf1hJHOlAp5Mw8jki0ZM1LOFQtlaKaNCAmwQK2rv3d6Hg4c4krMkBBt0/ClFSIuKWZkGu8EgvgIj9CAtBV1kUOEFUbXT+GJUnqw73FVroSR+n0iRI4QE8dWnQ6SQ/Hbm4l/ee1A9ktWSF0/kMTF80X9gEHpwVkUsEc5wZJNFEGYU3UrxEPEEZYqsLgK4etT+D9pZNJmNp25yiUq54s4YuAIHIMkMEERVMAlqIE6wOAOPIAn8Kzda4/ai/Y6b13SFjMH4Ae0t0/+P5Or</latexit>

:=
dX

i=1

aiw
>
i Lv

<latexit sha1_base64="IELdiiyoYBqhxEYCXk63Oa3hRQU="></latexit>
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 centered multi-variate 
gaussian random matrix

m × d



Application Examples

The linear case The Quadratic case

Then,

Proof leverages   -concavity               of the 
radial function    and and the concave-   
property of 1D-gaussian random variables. 

Consider:Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

(↵ = �1)
<latexit sha1_base64="qzSfFrK9jyKoUToxNoSxPmtDsh8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnoRil48VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WjGCQ1iPBAsYgQbK/mVLubJEN+ce2e9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010HWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtGpV76Jae7gs12/zOApwDCdQAQ+uoA730IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ALexkDo=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>

g(x, z) = z>W (x)z + 2
nX

i=1

aiw
>
i zi + b

<latexit sha1_base64="dcv1xSYZFfJIlKf4r9F6Gvt2NhM="></latexit>

Symmetric definite positive 
with convex eigenvalues in x

 0
<latexit sha1_base64="9LLZTOVi27zCYvaqdeUw8fdeNPk=">AAACGHicdZDLSgMxGIUz9VbrrerSTbAILmScaae3XdGNywr2Au1QMmnahmYuJhmhDPMYbnwVNy4Ucdudb2NmWqGKHgh8nPMn+TlOwKiQhvGpZdbWNza3stu5nd29/YP84VFb+CHHpIV95vOugwRh1CMtSSUj3YAT5DqMdJzpdZJ3HggX1Pfu5CwgtovGHh1RjKSyBvnLqJ8+0uNjx44MvVSulMu1ixSsUjGBilUvV+M+I/fQiAf5gqkbqaCh15Wq1hLqJvyOCmCp5iA/7w99HLrEk5ghIXqmEUg7QlxSzEic64eCBAhP0Zj0FHrIJcKO0p1ieKacIRz5XB1PwtRdvREhV4iZ66hJF8mJ+J0l5l9ZL5Sjmh1RLwgl8fDio1HIoPRh0hIcUk6wZDMFCHOqdoV4gjjCUnWZWy3hf2gXdbOkF2+tQuNqWUcWnIBTcA5MUAUNcAOaoAUweATP4BW8aU/ai/aufSxGM9ryzjH4IW3+BZMjnFo=</latexit>

Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all

and ⇠
<latexit sha1_base64="iC9ww0gRNafFEso+BfMjDcEv+vw=">AAACFXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSC7W7ohuXFewDklAm00k7dPJgZiKWkJ9w46+4caGIW8Gdf+M0jeDzwIUz59w793K8mFEhTfNdKy0tr6yuldcrG5tb2zv67l5PRAnHpIsjFvGBhwRhNCRdSSUjg5gTFHiM9L3p+dzvXxMuaBReyVlM3ACNQ+pTjKSShnotdfJPbD723NQ0zBy1XyRzbmg21KtW8Yam0VJoNgrSsuCnVQUFOkP9zRlFOAlIKDFDQtiWGUs3RVxSzEhWcRJBYoSnaExsRUMUEOGm+UEZPFLKCPoRVxVKmKtfJ1IUCDELPNUZIDkRP725+JdnJ9I/dVMaxokkIV4s8hMGZQTnEcER5QRLNlMEYU7VrRBPEEdYqiArX0P4n/TqhnVi1C8b1fZZEUcZHIBDcAws0ARtcAE6oAswuAX34BE8aXfag/asvSxaS1oxsw++QXv9AGPgmzI=</latexit>

a multivariate Gaussian random vector.

p � �(
p
m+ 3)

<latexit sha1_base64="h6tzIu7TzdyV1QPgD/aDNVKDT3E=">AAACKXicdVDLSsNAFJ34rPUVdelmsAgVpSRtoXZXdOOygn1AE8pkOkmHTh6dmQgl5Hfc+CtuFBR16484bSPU14GBwznn3rkcJ2JUSMN405aWV1bX1nMb+c2t7Z1dfW+/LcKYY9LCIQt510GCMBqQlqSSkW7ECfIdRjrO6HLqd24JFzQMbuQkIraPvIC6FCOppL7eSKzZkh73HDsxSsYMZ79IGkHLI2NoNYe0aIkxl4l/WklP0r5eMLMMNEp1hVo1I3UTflkFkKHZ15+sQYhjnwQSMyREzzQiaSeIS4oZSfNWLEiE8Ah5pKdogHwi7GR2ZAqPlTKAbsjVCyScqYsTCfKFmPiOSvpIDsVPbyr+5fVi6Z7bCQ2iWJIAzz9yYwZlCKe1wQHlBEs2UQRhTtWtEA8RR1iqcvOLJfxP2uWSWSmVr6uFxkVWRw4cgiNQBCaogQa4Ak3QAhjcgQfwDF60e+1Re9Xe59ElLZs5AN+gfXwCxB2ivQ==</latexit>

⇢(x, v) = sup
t�0

{t, g(x, µ+ tLv)  0} =
��(v) +

p
�2(v)� bh(x, v)

h(x, v)
<latexit sha1_base64="fSzb8ZU2s6AY9hdGzFdZe0GcEJM="></latexit>

Proof is more involved

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

Gv
<latexit sha1_base64="S9OvB9EwusKCETLDoDffzteowE4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3qMaB6QLGF20psMmZ1dZmYDIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSyfzDhBP6J9yUPOqLHS41131C2W3LI7B1klXkZKkKHWLX51ejFLI5SGCap123MT40+oMpwJnBY6qcaEsiHtY9tSSSPU/mR+6pScWaVHwljZkobM1d8TExppPY4C2xlRM9DL3kz8z2unJrz2J1wmqUHJFovCVBATk9nfpMcVMiPGllCmuL2VsAFVlBmbTsGG4C2/vEoalbJ3Ua48XJaqN1kceTiBUzgHD66gCvdQgzow6MMzvMKbI5wX5935WLTmnGzmGP7A+fwBKuyNuA==</latexit>

Gv(t) = �
✓
b

t
+ �(v)

◆2

<latexit sha1_base64="K4RoD32JDhY8xeVq+n5swdyhrQc=">AAACGHicbVDLSgNBEJz1bXxFPXoZDEKCGHejoBdB9KDHCMYEsjHMTnqTIbMPZnoDYclnePFXvHhQxGtu/o2TmIMmFjQUVd10d3mxFBpt+8uam19YXFpeWc2srW9sbmW3dx50lCgOFR7JSNU8pkGKECooUEItVsACT0LV616P/GoPlBZReI/9GBoBa4fCF5yhkZrZ45tmL48FekGPXAk+5l1fMZ56gxQH9JC6HiDL9wquEu0OFh5LzWzOLtpj0FniTEiOTFBuZoduK+JJACFyybSuO3aMjZQpFFzCIOMmGmLGu6wNdUNDFoBupOPHBvTAKC3qR8pUiHSs/p5IWaB1P/BMZ8Cwo6e9kfifV0/QP2+kIowThJD/LPITSTGio5RoSyjgKPuGMK6EuZXyDjPJoMkyY0Jwpl+eJQ+lonNSLN2d5i6vJnGskD2yT/LEIWfkktySMqkQTp7IC3kj79az9Wp9WJ8/rXPWZGaX/IE1/Aa6dZ5a</latexit>

is    -concave with 

How about                ?FR �G�1
v

<latexit sha1_base64="nQBW5//bVfh+zIfjwtSf+QIWDWE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgxpJUQZdFQV1WsQ9oYphMp+3QySTMTAolZOfGX3HjQhG3/oI7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLC4tLySnG1tLa+sbllbu80ZRgLTBo4ZKFo+0gSRjlpKKoYaUeCoMBnpOUPLzO/NSJC0pDfq3FE3AD1Oe1RjJSWPHP/ykucAKkBRiy5S1PoYCowvPZGD8mxnXpm2apYE8B5YuekDHLUPfPL6YY4DghXmCEpO7YVKTdBQlHMSFpyYkkihIeoTzqachQQ6SaTP1J4qJUu7IVCF1dwov6eSFAg5TjwdWd2spz1MvE/rxOr3rmbUB7FinA8XdSLGVQhzEKBXSoIVmysCcKC6lshHiCBsNLRlXQI9uzL86RZrdgnlertabl2kcdRBHvgABwBG5yBGrgBddAAGDyCZ/AK3own48V4Nz6mrQUjn9kFf2B8/gBwPJkF</latexit>

:= (Lv)>W (x)Lv
<latexit sha1_base64="d3j5JS5e4kwGragO3DmSPImJQRQ=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiAklzCTPYIQ9OIhhwhmgWQMPZ1O0qRnobsnGIfgr3jxoIhX/8Obf2NnEkFFHxQ83quiqp7tMyqkYXxoS8srq2vrsY345tb2zq6+t98QXsAxqWOPebxlI0EYdUldUslIy+cEOTYjTXt0MfObY8IF9dxrOfGJ5aCBS/sUI6mkrn54egaT1XHqpiM9HzaTtylYHXf1hJHOlAp5Mw8jki0ZM1LOFQtlaKaNCAmwQK2rv3d6Hg4c4krMkBBt0/ClFSIuKWZkGu8EgvgIj9CAtBV1kUOEFUbXT+GJUnqw73FVroSR+n0iRI4QE8dWnQ6SQ/Hbm4l/ee1A9ktWSF0/kMTF80X9gEHpwVkUsEc5wZJNFEGYU3UrxEPEEZYqsLgK4etT+D9pZNJmNp25yiUq54s4YuAIHIMkMEERVMAlqIE6wOAOPIAn8Kzda4/ai/Y6b13SFjMH4Ae0t0/+P5Or</latexit>

:=
dX

i=1

aiw
>
i Lv

<latexit sha1_base64="IELdiiyoYBqhxEYCXk63Oa3hRQU="></latexit>
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Application Examples

The linear case The Quadratic case

Then,

Proof leverages   -concavity               of the 
radial function    and and the concave-   
property of 1D-gaussian random variables. 

Consider:Consider a constraint of the form:

P[⌅x  �]
<latexit sha1_base64="1pG6cutK8hX0oKJmjUlNCrwfk/w=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiG5cV7AOSUCbTm3bo5OHMRCyhGzf+ihsXirj1H9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOr3O/cg5Asjm7VOAEvJIOIBYwSpaWeeeiGRA19P2tOHLfL8AN2Odxh1wdFvJ5ZtWrWFHiR2AWpogLNnvnl9mOahhApyomUjm0lysuIUIxymFTcVEJC6IgMwNE0IiFIL5t+McHHWunjIBa6IoWn6u+JjIRSjkNfd+Y3y3kvF//znFQFF17GoiRVENHZoiDlWMU4jwT3mQCq+FgTQgXTt2I6JIJQpYOr6BDs+ZcXSbtes09r9ZuzauOyiKOMDtAROkE2OkcNdI2aqIUoekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8Acp8mBw=</latexit>

2 (R⇤
+)

m
<latexit sha1_base64="vmIkvCzQVSxavvY+zYFQhs/1t+M="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

(↵ = �1)
<latexit sha1_base64="qzSfFrK9jyKoUToxNoSxPmtDsh8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnoRil48VrAfsF1KNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1N/fYTVZpJ8WjGCQ1iPBAsYgQbK/mVLubJEN+ce2e9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010HWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtGpV76Jae7gs12/zOApwDCdQAQ+uoA730IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ALexkDo=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Then Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all p � p? := �(

p
mn+ 1)

<latexit sha1_base64="bEiqPA4aTKiXsUHCinH0ywEd4x0=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZARAi7UVAEIejFYwTzgGwMs5NJMmR2djPTK4QlX+DFX/HiQRGvnr35N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuvZzY2t7Z37N29qg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/fz32aw9MaR7KOxhGrBmQruQdTgkYqWXnIux12QBH954GovDFJfbKPZ739EBBEkh8jN3RUcvOOgVnArxI3BnJohnKLfvLa4c0DpgEKojWDdeJoJkQBZwKNsp4sWYRoX3SZQ1DJQmYbiaTd0Y4Z5Q27oTKlAQ8UX9PJCTQehj4pjMg0NPz3lj8z2vE0DlvJlxGMTBJp4s6scAQ4nE2uM0VoyCGhhCquLkV0x5RhIJJMGNCcOdfXiTVYsE9KRRvT7Olq1kcaXSADlEeuegMldANKqMKougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9hcZpo</latexit>

g(x, z) = z>W (x)z + 2
nX

i=1

aiw
>
i zi + b

<latexit sha1_base64="dcv1xSYZFfJIlKf4r9F6Gvt2NhM="></latexit>

Symmetric definite positive 
with convex eigenvalues in x

 0
<latexit sha1_base64="9LLZTOVi27zCYvaqdeUw8fdeNPk=">AAACGHicdZDLSgMxGIUz9VbrrerSTbAILmScaae3XdGNywr2Au1QMmnahmYuJhmhDPMYbnwVNy4Ucdudb2NmWqGKHgh8nPMn+TlOwKiQhvGpZdbWNza3stu5nd29/YP84VFb+CHHpIV95vOugwRh1CMtSSUj3YAT5DqMdJzpdZJ3HggX1Pfu5CwgtovGHh1RjKSyBvnLqJ8+0uNjx44MvVSulMu1ixSsUjGBilUvV+M+I/fQiAf5gqkbqaCh15Wq1hLqJvyOCmCp5iA/7w99HLrEk5ghIXqmEUg7QlxSzEic64eCBAhP0Zj0FHrIJcKO0p1ieKacIRz5XB1PwtRdvREhV4iZ66hJF8mJ+J0l5l9ZL5Sjmh1RLwgl8fDio1HIoPRh0hIcUk6wZDMFCHOqdoV4gjjCUnWZWy3hf2gXdbOkF2+tQuNqWUcWnIBTcA5MUAUNcAOaoAUweATP4BW8aU/ai/aufSxGM9ryzjH4IW3+BZMjnFo=</latexit>

Mp = {x, P[g(x, ⇠)  0] � p}
<latexit sha1_base64="qzqjcvoAeil6Q94aS6gFT83JjrI="></latexit>

is convex 
for all

and ⇠
<latexit sha1_base64="iC9ww0gRNafFEso+BfMjDcEv+vw=">AAACFXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSC7W7ohuXFewDklAm00k7dPJgZiKWkJ9w46+4caGIW8Gdf+M0jeDzwIUz59w793K8mFEhTfNdKy0tr6yuldcrG5tb2zv67l5PRAnHpIsjFvGBhwRhNCRdSSUjg5gTFHiM9L3p+dzvXxMuaBReyVlM3ACNQ+pTjKSShnotdfJPbD723NQ0zBy1XyRzbmg21KtW8Yam0VJoNgrSsuCnVQUFOkP9zRlFOAlIKDFDQtiWGUs3RVxSzEhWcRJBYoSnaExsRUMUEOGm+UEZPFLKCPoRVxVKmKtfJ1IUCDELPNUZIDkRP725+JdnJ9I/dVMaxokkIV4s8hMGZQTnEcER5QRLNlMEYU7VrRBPEEdYqiArX0P4n/TqhnVi1C8b1fZZEUcZHIBDcAws0ARtcAE6oAswuAX34BE8aXfag/asvSxaS1oxsw++QXv9AGPgmzI=</latexit>

a multivariate Gaussian random vector.

p � �(
p
m+ 3)

<latexit sha1_base64="h6tzIu7TzdyV1QPgD/aDNVKDT3E=">AAACKXicdVDLSsNAFJ34rPUVdelmsAgVpSRtoXZXdOOygn1AE8pkOkmHTh6dmQgl5Hfc+CtuFBR16484bSPU14GBwznn3rkcJ2JUSMN405aWV1bX1nMb+c2t7Z1dfW+/LcKYY9LCIQt510GCMBqQlqSSkW7ECfIdRjrO6HLqd24JFzQMbuQkIraPvIC6FCOppL7eSKzZkh73HDsxSsYMZ79IGkHLI2NoNYe0aIkxl4l/WklP0r5eMLMMNEp1hVo1I3UTflkFkKHZ15+sQYhjnwQSMyREzzQiaSeIS4oZSfNWLEiE8Ah5pKdogHwi7GR2ZAqPlTKAbsjVCyScqYsTCfKFmPiOSvpIDsVPbyr+5fVi6Z7bCQ2iWJIAzz9yYwZlCKe1wQHlBEs2UQRhTtWtEA8RR1iqcvOLJfxP2uWSWSmVr6uFxkVWRw4cgiNQBCaogQa4Ak3QAhjcgQfwDF60e+1Re9Xe59ElLZs5AN+gfXwCxB2ivQ==</latexit>

⇢(x, v) = sup
t�0

{t, g(x, µ+ tLv)  0} =
��(v) +

p
�2(v)� bh(x, v)

h(x, v)
<latexit sha1_base64="fSzb8ZU2s6AY9hdGzFdZe0GcEJM="></latexit>

Proof is more involved

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

Gv
<latexit sha1_base64="S9OvB9EwusKCETLDoDffzteowE4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3qMaB6QLGF20psMmZ1dZmYDIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSyfzDhBP6J9yUPOqLHS41131C2W3LI7B1klXkZKkKHWLX51ejFLI5SGCap123MT40+oMpwJnBY6qcaEsiHtY9tSSSPU/mR+6pScWaVHwljZkobM1d8TExppPY4C2xlRM9DL3kz8z2unJrz2J1wmqUHJFovCVBATk9nfpMcVMiPGllCmuL2VsAFVlBmbTsGG4C2/vEoalbJ3Ua48XJaqN1kceTiBUzgHD66gCvdQgzow6MMzvMKbI5wX5935WLTmnGzmGP7A+fwBKuyNuA==</latexit>

Gv(t) = �
✓
b

t
+ �(v)

◆2

<latexit sha1_base64="K4RoD32JDhY8xeVq+n5swdyhrQc=">AAACGHicbVDLSgNBEJz1bXxFPXoZDEKCGHejoBdB9KDHCMYEsjHMTnqTIbMPZnoDYclnePFXvHhQxGtu/o2TmIMmFjQUVd10d3mxFBpt+8uam19YXFpeWc2srW9sbmW3dx50lCgOFR7JSNU8pkGKECooUEItVsACT0LV616P/GoPlBZReI/9GBoBa4fCF5yhkZrZ45tmL48FekGPXAk+5l1fMZ56gxQH9JC6HiDL9wquEu0OFh5LzWzOLtpj0FniTEiOTFBuZoduK+JJACFyybSuO3aMjZQpFFzCIOMmGmLGu6wNdUNDFoBupOPHBvTAKC3qR8pUiHSs/p5IWaB1P/BMZ8Cwo6e9kfifV0/QP2+kIowThJD/LPITSTGio5RoSyjgKPuGMK6EuZXyDjPJoMkyY0Jwpl+eJQ+lonNSLN2d5i6vJnGskD2yT/LEIWfkktySMqkQTp7IC3kj79az9Wp9WJ8/rXPWZGaX/IE1/Aa6dZ5a</latexit>

is    -concave with 

How about                ?FR �G�1
v

<latexit sha1_base64="nQBW5//bVfh+zIfjwtSf+QIWDWE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgxpJUQZdFQV1WsQ9oYphMp+3QySTMTAolZOfGX3HjQhG3/oI7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLC4tLySnG1tLa+sbllbu80ZRgLTBo4ZKFo+0gSRjlpKKoYaUeCoMBnpOUPLzO/NSJC0pDfq3FE3AD1Oe1RjJSWPHP/ykucAKkBRiy5S1PoYCowvPZGD8mxnXpm2apYE8B5YuekDHLUPfPL6YY4DghXmCEpO7YVKTdBQlHMSFpyYkkihIeoTzqachQQ6SaTP1J4qJUu7IVCF1dwov6eSFAg5TjwdWd2spz1MvE/rxOr3rmbUB7FinA8XdSLGVQhzEKBXSoIVmysCcKC6lshHiCBsNLRlXQI9uzL86RZrdgnlertabl2kcdRBHvgABwBG5yBGrgBddAAGDyCZ/AK3own48V4Nz6mrQUjn9kFf2B8/gBwPJkF</latexit>

G�1
v
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Rockafellar’s Duality Result

Rockafellar, Uryasev (2000): Superquantile and quantiles are optimal value and 
optimal solutions resp. of a same one-dimensional convex optimization problem.
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From Chance Constraints to Bilevel Programs

Our approach: rewrite chance constraints as

We obtain the following bilevel program:

Upper Level

Lower Level
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Assume   to be   -lipschitz on   . 

Then, for any            , this problem has the same set of 
minimisers as 

Uniform Parametric Error Bound

Any cluster point of the sequence of solutions           is a 
solution of the constrained problem.         

Recall Penalization on a Picture

The penalization procedure Exact penalization
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We propose a Double Penalization Procedure

First penalization
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We propose a Double Penalization Procedure

In practice, the constant  is a hyperparameter to tune.μ

Using Rockafellar property

First penalization
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Second penalization

We propose a Double Penalization Procedure
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problem       is not empty. Then for any  where: λ > λμ =
μ
δ

This penalization is exact.

Let μ > 0 be given and fixed and assume that the solution set ofTheorem

the solution set of        coincides with the solution set of 

We propose a Double Penalization Procedure

Second penalization

30

Note: I :=

⇢
i

n
, 1  i  n

�
, dI(p) := distance(p, I)
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Convex Non convex
but…

Second penalization
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3 TACO   
A Python Toolbox for  
Chance Constrained Problems
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Method2 TACO3 Numerical 
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Bundle methods in a nutshell
Minimization of non-smooth problems
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State-of-the-art methods for DC problems
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Bundle methods in a nutshell
Minimization of non-smooth problems

Global Local d-stationary Critical

For the  
bundle method

Improvement  
when  is smooth φ2
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For Our DC Problem

The DC problem
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Smoothing of the superquantile [L., Malick, Harchaoui 20’]

For Our DC Problem

Smoothing of     based on Nesterov’s technique.

The DC problem
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What a long process !

To sum up

CHANCE CONSTRAINED 
PROBLEM BILEVEL PROGRAM DOUBLE PENALIZATION BUNDLE METHOD

What about the implementation ?
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TACO : a Toolbox for chAnce Constrained Optimization

First-order oracles for  and .f g

Goal : solve a problem of the form 

A sampled dataset for the values of .ξ

A python dictionary of parameters.

Example : Kataoka’s Example

In[1]: import numpy as np

class Kataoka:
    
    def __init__(self, nb_samples=10000, nb_features=2, seed=42):

        np.random.seed(seed)
        mean = np.array([1.0, 1.0])
        cov =  np.eye(2)
        self.data = np.random.multivariate_normal(mean, cov,    
size=self.nb_samples)

    def objective_func(self, x):
         return 0.5*np.dot(x,x)

    def objective_grad(self,x):
        return x

    def constraint_func(self, x, z):
        return np.dot(x,z)

    def constraint_grad(self, x, z):
        return z

Input : the class Problem
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TACO : a Toolbox for chAnce Constrained Optimization

Input : the class Problem

Instantiate with the inputs.

The class Optimizer

Goal : solve a problem of the form 

A sampled dataset for the values of .ξ

Example : Kataoka’s Example

In[2]: optimizer = Optimizer(problem, params=params)
optimiser.run()

First-order oracles for  and .f g

Optimization launched with the method run.
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Output

Retrieved from the Optimizer class.

Example : Kataoka’s Example

In[2]:

In[3]: sol = optimizer.solution

optimizer = Optimizer(problem, params=params)
optimiser.run()

Input : the class Problem

Instantiate with the inputs.

The class Optimizer

A sampled dataset for the values of .ξ

Optimization launched with the method run.
Hyperparameters

Probability threshold p

Number of iterations, starting point, target 
precision, etc.

Penalization parameters μ, λ

First-order oracles for  and .f g

A python dictionary of parameters.

Goal : solve a problem of the form 
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4Numerical 
Illustrations
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Proof of concept on a quadratic Chance constraint Problem

2D quadratic problem
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Numerical Experiments on Second Toy Problem

A norm optimization problem
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Numerical Experiments on Second Toy Problem

A family of norm optimization problems Optimal value and solution

Numerical Results
d=2 d=10

d=50 d=200

Dimension Final  
Sub-optimality

d = 10
d = 50

d = 200

5.1 × 10−4 0.7992

2.4 × 10−2 0.8
1.2 × 10−1 0.7999

2.8 × 10−1 0.7997

d = 2

1.0

1.0
1.0

0.01

0.01

10.0
0.01

10.0

Quantile function of a  distribution with d degrees of freedomχ2

Hong, Yang, Zhang (2009)
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Conclusion

We propose a new approach to chance constraints via Bilevel Programming.

We derive a double penalization method for this approach, with an exact 
penalty for the hard constraint.

We propose a python toolbox to test out your problems.

Derive more methods from the bilevel approach

yassine.laguel@univ-grenoble-alpes.fr

We proposed a new approach to establish eventual convexity of a broad class 
of chance constraints, with a computable treshold.

39

Getting sharper threshold for eventual convexity

More numerical experiments

mailto:yassine.laguel@univ-grenoble-alpes.fr


References

S. Kataoka.: A stochastic programming model. Econometrica 31, (1963) 

R. Henrion, C. Strugarek: Convexity of chance constraints with independent random variables. 
Computational Optimization and Applications (2008)

W. Van Ackooij: Eventual convexity of chance constrained feasible sets. Optimization, (2015)

W. Van Ackooij, J. Malick: Eventual convexity of probability constraints with elliptical distributions. 
Mathematical Programming, (2019)

W. Van Ackooij, R. Henrion: (Sub-)Gradient formulae for probability functions of random inequality systems 
under Gaussian distributionOptimization Letters (2017)

A. Geletu, A. Hoffmann: Analytic approximation and differentiability of joint chance constraints. Optimization 
(2019)

W. Van Ackooij, P. Pérez-Aros: Generalized differentiation of probability functions acting on an infinite system 
of constraints. SIAM Journal on Optimization (2019)

RT Rockafellar, S Uryasev: Optimization of conditional value-at-risk. Journal of risk (2000)

W de Oliveira: Proximal bundle methods for nonsmooth DC programming. Journal of Global Optimization (2019)

Y. Laguel, J Malick, Z. Harchaoui: First-order optimization for Superquantile-based learning. MLSP (2020)

40

Y. Laguel, J Malick, W. Van Ackooij: Chance constrained problems: a bilevel convex optimization perspective (2021)

Y. Laguel, W. Van Ackooij, J Malick, G Ramalho: On the Convexity of Level-sets of Probability Functions (2021)

https://scholar.google.fr/citations?user=Jvlj_SdKf9UC&hl=en&oi=sra
https://scholar.google.fr/citations?user=ETJGb1gAAAAJ&hl=en&oi=sra
https://scholar.google.fr/citations?user=YtI4J7AAAAAJ&hl=en&oi=sra
https://scholar.google.fr/citations?user=Uwg1zpkAAAAJ&hl=en&oi=sra

