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Definition of Chance Constraints

B A chance constraint problem is of the form:
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Definition of Chance Constraints

B A chance constraint problem is of the form:

min f(x)

rcRd

s.t. Plg(x, &) <0 > p

B Chance constrained optimization problems are difficult:

B non-convex

B non-smooth
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Non-smoothness of Chance Constraints

B Consider the discrete case : g - {fl, . ,fn}

| n
D[g(g;),g) < O] — EZTQ(QZ,&)SO

i=1
: f

Not even continuous !

B Recent works study the generalized differentiability properties of chance constraints

Van Ackooij, Henrion, ‘17 Geletu, Hoffmann, ‘19 Heitsch, ‘19




A data-driven setting

B Many existing approaches

@ MINLP approaches |Pagnoncelli, Ahmed, Shapiro(2009)

® Boolean Methods Kogan, Lejeune (2014)

W DoC approaches Hong, Yang, Zhang (2009)

Paul Javal’s talk yesterday

B In this talk,

= f iS convex.

B 9(7 Z)is convex for all z € R™
. 5 is discrete : € € {&1,...,&,} CR™
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Revealing the bilevel structure of

Chance Constraints
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CDFs, Quantiles & Superquantiles

B Recall that for any real random variable U,

Cumulative distribution function

B its cumulative distribution function, fy; : R — [0, 1}:

Fy(t) = PlU < 1] T

W for any p € [O, 1) , its p-quantile Qp(U)

Quantile function

Qp(U) =inf{t € R, PIU < t] > p}

Integrate
Differentiate

m for any p - [O, 1), 1t p—superquantile QP(U ): E o " o

_ 1 1 , Q,(U .
p

/:

p
6



Rockafellar's Duality Result

B Rockafellar, Uryasev (2000): Superquantile and quantiles are optimal value and

optimal solutions resp. of a same one-dimensional convex optimization problem.

. | 1
QpU) = min g+ [max(U —n, 0)]
1
Q,(U) = argmin 7 Cimax(U — n, 0)]

n€R 1 —p



Rockafellar's Duality Result

B Rockafellar, Uryasev (2000): Superquantile and Quantiles are optimal value and

optimal solutions resp. of a same one-dimensional convex optimization problem.

_ 1

) = min7 - 2 max(U — 1. 0
Qp(U) min ) + 17— max(U —n,0)]
1
Q,(U) = argmin 7 Cimax(U — n, 0)]
n € R 1 — P
Cumulative distribution function n— n- : Elmax(U — n,0)]

1.0 A , T
|
|

0.6 1




From Chance Constraints to Bilevel Programs

B Our approach: rewrite chance constraints as
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From Chance Constraints to Bilevel Programs

B Our approach: rewrite chance constraints as

Plg(z,§) <0l >p & Qylg(x,§)) <0

& n<0
1

€ argmin S - L max(g(x, &) — s, 0
') € atgmin s + - max(g(z, &) )

We obtain the following bilevel program:

Upper Level

e _
8




A double penalization method for

Chance Constraints




Recall Penalization on a Picture

B The penalization procedure

min f (Qj) Penalty function Penalized Problem

rcR4 . -
st rcS P(x) =0 Tf:z: €S gg%@f(f) + pP(z)
>0ifx g S
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Recall Penalization on a Picture

B The penalization procedure

min f(x)

rcRd
st.x €S

Penalty function

Px)=0ifx e S
>0ifx g S

Penalized Problem

min f(z)+ puP(x)

reR

Any cluster point of the sequence of solutions (.Clj‘k) E>01s a

solution of the constrained problem.

10

B Exact penalization

min f(x)

rcRd
st.x €S

Assume f to be K-lipschitz on RY

Then, for any X’ > K, this problem has the same set of
minimisers as min f(x) + K'dg(x)

rcRd

Uniform Parametric Error Bound

h(z) > 6 dg(z) Vo € R?
hir) =0 x€S

\f+ Kds




We propose a Double Penalization Procedure

B Lirst penalization

(P)
min  f(x)

reRI neR
s.t. n <0

€ argmin S - ‘ imax(g(x,&) — s, 0
1) € atgmin s + - max(g(z, §) )
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reRY neR xeRd,geR | 1 [ (. o)
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B Lirst penalization

(P) Pu)
min  f(x) min  f(x) + pmax(n,0)
reRI neR ﬁ xeRd,geR | 1 ;
S. 1. € argmin s - 4L max(g(x, &) — s,
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We propose a Double Penalization Procedure

B Lirst penalization

(P) (Pu)
minf(x) min f(x) + prmax(n, 0)
7R peR ﬁ reR?. geR , 1 0
S. € argmin s - 4, [ma x,§) — S,
s.t. <0 | 1 € argmin s + 7 B max(g(z, §) =5, 0)
1) € argmin s A L [max(g(z, §) — 5,0) S ———
seR l—p
= G(x, s)
B In practice, the constant y is a hyperparameter to tune. > Q p( (Qf 5 ))

B Using Rockafellar property

min  f(z) + pmax(n,0)
reR? neR

s.t. Gz, n) — Qp( (z,§)) <

171



We propose a Double Penalization Procedure

B Second penalization

SIS R rp— o 1) + pmasn0) A (6o - Qo 0)
min + o maxin, min + pmax(n, V) + | g\ X
reR? neR reR? pneR
st Glam) - Qylo(,€) < —

12



We propose a Double Penalization Procedure

B Second penalization

<7)M) (7)/\,u>
min  f(z) + pmax(n, 0) ﬁ min _ f(z) + pmax(n,0) + A (G(z,n) — Qplg(x,&)))
reRY neR reRI neR
.t Gla,n) — @ylg(,8)) <
1
This penalization is exact. n = Glan) =n+ o Elmax(g(z,) —n,0)]

Theorem Let >0 be given and fixed and assume that the solution set of 5
problem (7?“) is not empty. Then for any 4 > /lﬂ = % where: *

5 n(11—p) fpel z

; dlz_(;;) otherwise. .

the solution set of (P,,) coincides with the solution set of (Pru) 04

12



Solving of the doubly-penalized problem

B Second penalization

¥ i )+ pmasin '@/\“) f(a) + pmax(n.0) + A (Gla,n) - Qylo(z, €))
min + o maxin, Inin + pmax(n, V) + | g\ X
reR?neR r€RY,NER
Sg G(z,n) — Q,(g(x,&)) <0 Convex Non convex

but...
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Solving of the doubly-penalized problem

B Second penalization

UDM) (7)/\ u)
min  f(z) + pmax(n,0) min f(z) + pmax(n,0) + A (G(z,n) — Qy(g(z, €)))
reR?neR qxd@ NER
s.t. G(z,n) —Q,(g(x,8)) <0 Convex Non convex
but...
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1 —p
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Solving of the doubly-penalized problem

B Second penalization

UDM) (7)/\ u)

min _ f(z) + pmax(n, 0) min f(z) + pmax(n,0) + A (G(z,n) — Qy(g(x,€)))
reR?nER q reR’ CR
st. G(x,n) — Qyg(x,€)) < Convex Convex
Gla,n) =+ ——Emax(g(z,€) -, 0)

_ 1 —p
Qp is convex ! (PA,M) is a Difference of Convex problem.

Quantile function
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Solving of the doubly-penalized problem

B Second penalization

o flz) (1,0) 'UDM) /(@) (0,0) + A (G(x, 1) = Qulg(x, £)))
min + pmaxi(n, M1 + (o maxi\n, =+ p\g\ &L,

reR?neR reR! UGR_
s.t. Glz,n) — Qp( (x,§)) < Convex Convex

1
G(z,n) =n+ 7 — i[max(g(x, &) —n,0)]
Qp is convex ! (PA,M) is a Difference of Convex problem.
Quantile function
1 [t . B
@Qp(U) = 5 / Qu(U)dp' = sup > qU,
— P Jp=p geR" T4 -
Z%‘ =1 - 0
i=1 p
0<qg < —

13



TACO

A Python Toolbox for
Chance Constrained Problems




Recall: Solving DC programs by Bundle

B Bundle methods in a nutshell

® Minimization of non-smooth problems
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Recall: Solving DC programs by Bundle

B Bundle methods in a nutshell

® Minimization of non-smooth problems

® Maintains:
e the Bundle Information.

T
I = p(r;) + g, (r — x;)
e the Polyhedral Approximation.

~ T
« the Stability Center in the bundle. plz) = max o(xi)+g,(r - i)

min gZ(CB) + OzH.CIZ — IIZ(S)H%
reRd

14



Recall: Solving DC programs by Bundle

B Bundle methods in a nutshell B State-of-the-art methods for DC problems

® Minimization of non-smooth problems [De Oliveira 19’

W Maintains:

e the Bundle Information.

@ Function of the form gp(az) = g&l(flj) — 902(:1:‘)

. . . 2 We now solve at each iteration :
e the Polyhedral Approximation.

e the Stability Center in the bundle.

min @1 (z) — g, (x — 2(5)) + aflz — 2155
reRA

W Update rule for the stability center:

o(zr11) < (@) — Bllwrst — z(s)lI°

k---- Il I = = = = =

-

14



Recall: Solving DC programs by Bundle

B Bundle methods in a nutshell B State-of-the-art methods for DC problems

® Minimization of non-smooth problems [De Oliveira 19’

W Maintains:

e the Bundle Information.

@ Function of the form gp(:zz) = g&l(flj) — gpg(flj‘)

. . . 2 We now solve at each iteration :
e the Polyhedral Approximation.

e the Stability Center in the bundle.

min @1 (z) — g, (x — 2(5)) + aflz — 2155
reRA

W Update rule for the stability center:

o(zr11) < (@) — Bllwrst — z(s)lI°

B Convergence property

Global Local d-stationary Critical

k---- Il I = = = = =

-
5
I
=
&
S

0o (x) C dp1(T) Opa(z) N 01 (x) # 0

14



Recall: Solving DC programs by Bundle

B Bundle methods in a nutshell B State-of-the-art methods for DC problems

® Minimization of non-smooth problems [De Oliveira 19’

W Maintains:

e the Bundle Information.

@ Function of the form gp(:zz) = g&l(flj) — gpg(flj‘)

. . . 2 We now solve at each iteration :
e the Polyhedral Approximation.

e the Stability Center in the bundle.

min @1 (z) — g, (x — 2(5)) + aflz — 2155
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B Convergence property

: Improvement For the
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o : Global Local d-stationary Critical

k---- Il I = = = = =
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For Our DC Problem

B The DC problem

V1 F2
(7))\#) g p——P

min  f(z) + pmax(n,0) + X (G(z,n) — Qpg(z,§)))

reRY neR
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What along process!

B Lo sum up

CHANCE CONSTRAINED
PROBLEM

BILEVEL PROGRAM @ DOUBLE PENALIZATION BUNDLE METHOD

@ What about the implementation 7

DON'T WORRY

————

/
T i Y
——— memegeneratornel

16



TACO : a Toolbox for chAnce Constrained Optimization

B Goal : solve a problem of the form min f(x)
reR

st. Plg(z,§) <0] > p
B Input : the class Problem

B First-order oracles for f and g. Example : Kataoka’s Example

B A sampled dataset for the values of &. Y| e mPoct numpy as np

class Kataoka:

. A python dictignary Of parameters def init (self, nb samples=10000, nb features=2, seed=42):

np.random.seed(seed)

mean = np.array([1.0, 1.0])

cov = np.eye(2)

self.data = np.random.multivariate normal (mean, cov,
size=self.nb samples)

def objective func(self, x):
return 0.5*np.dot(x,Xx)

def objective grad(self,x):
return Xx

def constraint func(self, x, z):
return np.dot(x,2z)

def constraint grad(self, x, z):
return z

17
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B A python dictionary of parameters.

B The class Optimizer

B Instantiate with the inputs.

B Optimization launched with the method run.
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TACO : a Toolbox for chAnce Constrained Optimization

B Goal : Solve a problem of the form min f(x)
reR

st. Plg(z,§) <0] > p
B Input : the class Problem

B First-order oracles for f and g. Example : Kataoka’s Example

B A Sampled dataset for the values of E. In[2]: opt%m%zer = Optimizer (problem, params=params)
optimiser.run()

B A python dictionary of parameters.

In[3]: | sol = optimizer.solution

B The class Optimizer

B Instantiate with the inputs.
B Hyperparameters

B Optimization launched with the method run. B Probability threshold p

. . .
® Output Penalization parameters u, A

&0  Number of iterations, starting point, target

© Retrieved from the Optimizer class. precision, etc.

17
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Proof of concept on a quadratic Chance constraint Problem

B 2D quadratic problem

iy (2 fl@) = (x — )T Az — c)

s.t. Plg(x,£) < 0] > p glz,2)=2"W(x) 2+p z+b
E~ Nip, %)
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Proof of concept on a quadratic Chance constraint Problem

B 2D quadratic problem The Objective

i, 8 fz) = (z - T Az~
s.t. Plg(x,£) < 0] > p glz,2)=2"W(x) 2+p z+b
E~ Nip, %)
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Proof of concept on a quadratic Chance constraint Problem

B 2D quadratic problem

i 8 fa) =z - ) A~ o
s Plg(z,8) S0/ 2p ga,2)=2" W) 24q¢ 247

§~ N(p,X)

The Chance Constraint
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Numerical Experiments on Second Toy Problem

B A norm optimization problem

min f(z) flz) =~z

rcRd

st Plg(z,) <00 =2p  g:R?x Mia = R

x Zl—)Hl&XZZZ :

i€n] 3%
S NN(O 1)
p=0.38

20



Numerical Experiments on Second Toy Problem

B A norm optimization problem B Optimal value and solution
10d 10 .
= 1 7w = —, i €1{1,...,d}
%@f(x) f(z) = —||z|1 \/Fx_?il(pﬁ) \/Fx_?ll(pﬁ)

S.t. P[g (IL' : 6 ) S O] 2 D g : Rd X _/\/ln d —) R Quantile function of a y? distribution with d degrees of freedom

2 2

@, Z ?;%Z 2]

Eij ~ N (0,1)
p = 0.8

20



Numerical Experiments on Second Toy Problem

B A family of norm optimization problems
Hong, Yang, Zhang (2009)
min f(z) flz) = |l
st Plg(z,8) <0} > p g:Rdx./\/lndﬁR
T, 4 — 1;285]( ” ?
Eij ~ N (0 1)
p=0.8
. . Final I[D <
Dimension | Sub-optimality 9(z, &) < 0] 9! A
d=2 5.1 x 1074 0.7992 0.01 10.0
d=10 2.4 % 1072 0.8 0.01
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B Optimal value and solution
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B Numerical Results
d=2 d=10
— f(xk) e (X k)
r
d=50 ) d=200
— f(xx) _[




Conclusion

We propose a new approach to chance constraints via Bilevel Programming.

We derive a double penalization method for this approach, with an exact

penalty for the hard constraint.

We propose a python toolbox to test out your problems.

B Derive more methods from the bilevel approach
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